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Abstract 

The article is dedicated to q-deformed versions of spinor calculus. As 
a kind of review, the most relevant properties of the two-dimensional 
quantum plane are summarized. Additionally, the relationship be- 
tween the quantum plane and higher-dimensional quantum spaces like 
the q-deformed Euclidean space in four dimensions or the q-deformed 
Minkowski space is outlined. These considerations are continued by 
introducing q-analogs of the Pauli matrices. Their main properties 
are discussed in detail and numerous relations that could prove use- 
ful in physical applications are presented. In this respect, q-deformed 
versions of the important Fierz identities are written down. 
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1 Introduction 

It is commonplace that discretizing space-time should provide an effective 
method for regularizing quantum field theories [1]. In the literature one 
can find a number of serious attempts towards this goal (see for example 
Refs. [2-7]). A more recent and very promising approach, however, is based 
on quantum group symmetries [8-13]. 

Let us recall that quantum groups can be seen as deformations of classical 
space-time symmetries, as they describe the symmetry of their comodules, 
which are often referred to as quantum spaces. The most realistic quantum 
groups and quantum spaces arise from q-deformation [14-26]. (For other 
deformations of space-time see Refs. [27-33].) 

As part of the long way towards a quantum field theory on g-deformed 
spaces, we treat a g-deformed version of spinor calculus in this paper. We 
mainly concentrate attention on g-analogs of 2-spinors and Pauli matrices. 
Notice that our reasonings will be continued by a second paper which is de- 
voted to g-analogs of 4-spinors and the corresponding 7'^-matrices. It should 
also be mentioned that the aim of the present paper is twofold. On the one 
hand it serves as review of known facts about g-deformed spinors [34-38]. 
This has the purpose to fix a consistent framework of conventions and no- 
tations. On the other hand we present numerous g-analogs of well-known 
identities found in standard textbooks on quantum field theory (see, for in- 
stance, Refs. [39-42]). 

The paper is organized as follows. In Sec. [2] we review the foundations 
of the two-dimensional Manin plane and the corresponding quantum group 
SUq{2) in great detail. Remember that the quantum group SUq{2) is a 
Hopf algebra [43-46] that gives rise to left and right coactions on the Manin 
plane. For this reason we collect all relevant formulae concerning the Hopf- 
structure and coactions of SUq{2). Furthermore, we emphasize the existence 
of two different *-structures for the algebra of SUq{2). If we demand for the 
Manin plane to be a *-comodule algebra the right coaction of SUq{2) implies 
a different *-structure for SUq{2) than the left coaction. This observation is 
often neglected in the literature. 

In Sec. [3] we describe how to build up g-deformed quantum spaces in four 
dimensions from two distinct quantum planes. In this respect, we concern 
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ourselves with the g-deformed Euchdean space in four dimensions and the 
g-deformed Minkowski space. The reasonings in this section have complete 
review character and were included for the sake of completeness, since they 
enable a deeper understanding of the subject. Moreover, Sec. |3] shall serve as 
a collection of formulae that could prove useful in what follows. 

Section H] covers all aspects concerning g-analogs of Pauli matrices and 
spin matrices, where we restrict attention to objects of the g-deformed Min- 
kowski space as well as the three- and four- dimensional g-deformed Euclidean 
space. These considerations form the main part of the paper. Especially, we 
describe the explicit construction of the above mentioned matrices, list their 
most important properties, and discuss some peculiarities arising from the 
noncommutative structure. In doing so, we obtain numerous g-analogs of the 
well-known product- and trace-relations for Pauli matrices. 

In Sec. [5] we take up the question how to switch from spinorial objects 
to vectorial ones and vice versa. These results are rather interesting from a 
representation theoretic point of view. In Sec. [6] we finally present formulae 
that can be viewed as g-analogs of Fierz identities. More concretely, we list 
g-deformed versions of all the Weyl Spinor Fierz Identities found in App. A 
of Ref . [42] . It is important to notice that the concrete form of these relations 
depends on the choice for the braiding between the different spinors. The 
influence of this choice on our results was carefully examined. 

We would like to say a few words about the method we applied in get- 
ting most of our results. To derive a g-analog of a given identity one first 
proposes a reasonable ansatz. The essential idea is that normally ordered 
monomials of noncommutative generators often establish a basis of the alge- 
bra under consideration. In such cases the unknown coefficients of the ansatz 
can be found by a process of normal ordering together with comparing coef- 
ficients. This task can effectively be done by a computer algebra system like 
Mathematica [47]. 

Last but not least let us make some notational remarks. Throughout the 
article we use the shortcuts A = g — g^^ and A+ = g + g^^. Sometimes a 
n-dimensional identity matrix is written as 1. The antisymmetric g-numbers 
are defined by [[n]]qa = ^ , where we assume g > 1 and a G M. 
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2 Algebraic foundations of (/-deformed spinor 
calculus 



In this section we give a review of the quantum group SUq{2) and its two- 
dimensional corepresentation. This corepresentation is nothing other than 
the two-dimensional quantum plane. The generators of the two-dimensional 
quantum plane can be viewed as g-analogs of 2-spinors. The following pre- 
sentation is mainly based on the reasonings in Refs. [34,35,48,49]. For a 
deeper understanding we also recommend to consult Refs. [44-46]. 



2.1 The two-dimensional quantum plane 

Our starting point is the famous Manin plane and the coactions of the quan- 
tum group SLq{2) on it. The Manin plane is generated by two noncommu- 
tative coordinates subject to the relations 

x^x'^ = qx^x^. (1) 

We can write the above relation with the help of a g-analog of spinor metric 

Sijx'x^ = 0, (2) 



^iji 1 • 6 • 



where 





^ij - [ _gl/2 J • 

For the inverse of the spinor metric we have 

e'' = -err (4) 

It is not very difficult to verify that 

^ijS'^ = s Sji = 5^ . (5) 

The spinor metric enables us to raise and lower indices of quantum plane 
coordinates: 

00 j — S- j^j Ob J X — £ 00 j • ( ^ ) 

Using this convention we transform the coordinates in Eq. ([1]) into covariant 
ones and get 

X1X2 = q~^X2Xi. (7) 
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Once again, the last result can be expressed with the help of the spinor 
metric. From ([H]), (H), and (jSD we deduce 

e^'xiXj = 0, or {e'^y^XiXj = 0, (8) 

where we introduced the transposed metric [e'^Y-' = Last but not least 
we can write down rules for raising the indices of the spinor metric itself. 
From ([5]) we find 

^ik ^ e'^e^ie^.^ or {e^f^ = e^'^e^^Sij, 

eik = e,k£ji£'\ or {e'^)ki = SikSjis'^ ■ (9) 

Next, we come to Hermitian conjugation on the quantum plane. On the 
coordinates x*, i = 1,2, the operation of conjugation becomes 

Notice that the conjugated coordinates Xi, i = 1,2, fulfill the same relation as 
the covariant coordinates indicated by their lower indices. It 

should also be mentioned that a conjugated spinor metric can be introduced 
via the condition 

X ' CC i — J *^ i ( ^ ^ ) 

resulting in 

e'^ = -e'K (12) 

There also exists an antisymmetrized version of the Manin plane charac- 
terized by the relations [50,51] 

01^1 = e^e^ = 0, e^e^ = -q-^e^e\ (13) 

On the antisymmetrized Manin plane covariant as well as conjugated co- 
ordinates are introduced in very much the same way as was done for the 
symmetrized Manin plane. 

2.2 The quantum group SUq{2) 
2.2.1 Hopf algebra structure and coactions 

As next step, we analyze the symmetry of the quantum plane. This symmetry 
is described by the quantum group SLq{2). The generators of SLq{2) can be 
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viewed as noncommuting functionals corresponding to the entries of a 2 x 2 
matrix. For this reason, SLg{2) is sometimes called a matrix quantum group. 
In analogy to the undeformed case, we write 

= ( c d ) . (") 

with i denoting the row and j the column. The four entries a, b, c, and d 
stand for the elements generating the algebra of SLq{2). 

It is possible to deduce the algebra relations between the entries of the 
matrix in ([HD, if we demand the quantum plane to be a comodule algebra 
with respect to the quantum group SLq{2). On coordinates of the Manin 
plane the left coaction (5l oi SLq{2) should be given by 

(3l{x') = M'j(dx^, (15) 

whereas the right coaction (3r takes the form 

Pr{x') = ® M^i = x^ ® {M^Yj. (16) 

If not stated otherwise summation over all repeated indices is to be under- 
stood. Requiring that the transformed elements again fulfill the relation for 
quantum plane coordinates, i.e. 

f3L/R{x')f3L/R{x') = q(3L/R{x')PL/R{x'), (17) 

we are able to derive the following commutation relations for the generators 
of SLg{2): 

ah = qba, ac = qca, be = cb, bd = qdb, 

cd = qdc, ad — da = {q — q^^)bc. (18) 

Notice that in this algebra the quantum determinant 

detg M = ad - qbc, (19) 

is a central element. Thus we can enlarge the algebra subjected to the re- 
lations in (ITS!) by (detgM)"^. Furthermore, we are free to set the quantum 
determinant equal to one. 
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Now, we are in a position to introduce a coproduct A, an antipode S, 
and a counit e to make the algebra of SL g{2) into a Hopf algebra. In our 
matrix notation these structures read a^ 

A(detg M) = detg M ® detg M, (20) 

S{M',) = {dei,M)-^ei,M\e'\ 

S~\M',) = {detgM)-'e,iM'ke'\ (21) 
^(det<jM) = {detgM)-\ 

e{M'j) = e(detgM) = 1. (22) 

Again, this Hopf structure is consistent with the choice detg M = 1, so we 
can omit the quantum determinant in the further reasonings about the Hopf 
algebra SLq(2). 

Alternatively, one can start the derivation of the relations in f llSp from 
coactions for covariant coordinates: 

h{xi) = S-\Mh)®x,, 

PR{xi) = Xj(^S{{M^yi). (23) 

We deduced the explicit form of the coactions in (1251) from (ITS]) and (ITB]) by 
lowering indices and using (|2T|) . A short look at ([7]) tells us that the coactions 
on covariant coordinates now have to obey 

I3l/r{xi)(3l/r{x2) = q'^ I3l/r{x2)I3l/r{xi). (24) 

This requirement again leads us to the commutation relations in (fTSl) . 

From what we have done so far, we see that the quantum plane can play 
the role of a left as well as a right co module of SLg{2). An essential feature 
of the coactions in ([T^ . ([TBI) , and (12^ is that they respect the spinor metric 
in the sense that 

EijX'x^ = eki/3L/Rix^)(3L/Rix^), 

e^'xiXj = e^^h/R{.Xk)h/R{xi). (25) 

^Throughout the paper e denotes the counit of a Hopf structure, whereas e stands for 
the spinor metric. 
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These identities are equivalent to the relations 

e^^ =e''S-\iM^y,{M^yi), (26) 
where in the last two identities of fl2^ we can substitute S for 5*"^. 

2.2.2 Reality conditions 

Now, we want to introduce the real form of SLg{2), which is called SUq{2). 
Towards this end we first have to define a conjugation on the quantum group 
generators. In this manner we take attention to the objects 

It arises the question what are the relations between them and how are they 
related to the generators a, 6, c, and d. 

In what follows we assume that the quantum plane is real, i.e. = Xj. 
If we require for the quantum plane to be a left-*-comodule algebra, i.e. 



Pl{x')=Pl{x')=M^,®xi, (28) 

we get as reality condition for SUq{2): 

W~ = S-\M^i), or {M^Yj = S-\M'j), (29) 

More explicitly, we have 

d = d, b=—qc, c = —q~^ b, d = a. (30) 

Notice that fl29|) follows from fl28l) by exploiting the reality of the quantum 
plane together with ( !23l) . 

However, if we demand that the quantum plane is a right comodule alge- 
bra, i.e. 

pBi'^) = ^ ^mJ;, (31) 

we are lead to a second ^-structure, namely 



= S{M'j), or {M^Yj = S{M'j). (32) 
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Notice that its explicit form is most easily obtained from (15U]) by replacing q 
with 

Taking the identifications in fl30l) we are able to express the quantum 
group generators in f|T8l) by the conjugated ones. This way, we are able to find 
the wanted relations for the M^j and recognize that they follow from f|T8l) by 
replacing M*j with M*j and q with q^^. Remarkably, the second *-structure 
implies the same relations for the M*j. Straightforward calculations show us 
that both ^-structures fulfill all axioms of a Hopf-*-algebra (for these axioms 
see Ref. [46]). Finally, let us also mention that we have det^M = det^M, as 
one expects. 

2.2.3 The ^-matrix of SUq{2) 

It is often convenient to express the defining relations of a quantum group 
with the help of the so-called i?-matrix. The explicit form of the i?-matrix 
of SUq{2) is given by [48] 













o\ 







A 


1 










1 








v 














(33) 



where the indices z, j, fc, and I run over all values from the set {1,2}. The 
(zj)-double index labels the four rows, while the (/cZ)-double index refers to 
the columns of the i?- matrix. With the /2-matrix of SUq{2) the relations in 
( IT8|l can be written as 

R'hiM\M's = M\M^iR''rs. (34) 

It is also possible to formulate the commutation relations of the quantum 
plane by means of the /2-matrix. To reach this goal we have to take into 
account that the i?-matrix in (133|) shows the projector decomposition 

R = qS-q-^A with 1 = A + S, (35) 

where S and A are g-analogs of a symmetrizer and an antisymmetrizer, re- 
spectively. Using the spinor metric the projector A can be written as 

A'hi = -K'^^'^ki. (36) 
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From the projector decomposition in (1331) one deduces some helpful for- 
mulae for the contraction of the i?-matrix with the spinor metric: 

jk^i'i = Q £ji'{R ^yki, 

R^i.e''^ = qe''\R-^y\,i. (37) 

In addition to this, we have further identities which can be derived from 
those in (1371) via the replacements 

R!hi ^ {R~'fku q ^ q-'- (38) 

Further relations concerning this stuff are 

R'hi e"' = -q-' e'', R'hi = -g"^ Sku (39) 



and two other ones that are again obtained via the replacements in 

For the moment let us have a look at some identities concerning the 
undeformed spinor metric Eij: 

e-'eu, = 5^-, (41) 
e''eki = 5\5h-5\5'u (42) 
^ij £ki + £ii £jk + £ik ^ij = 0. (43) 

It is rather instructive to compare the above identities with their g-analogs. 
The g-analog of fHU]) is given by fl3^ since the i?-matrix can be recognized 
as a kind of twist. Relation (HTI) . however, remains unchanged under q- 
deformation [cf. Eq. ([5])]. The g-analog of (H2|) is nothing other than 

e''eM = R'hi-qS\6'i, (44) 
if one realizes that FT^ ki 5''i5^k- To derive (jUj) we first eliminate the 



projector 5* from the equations in fl35|) . In doing so, we should arrive at 

A = qX'H- X^^R, (45) 



which together with (13^ implies 

Finally, the deformation of (143!) reads 

^ij £ki + q~^R^ ^ ki R'^ ^ jv ^ii" £j'k' + R'^ ^ jk R^ ^ j'l £ik' = 0. (46) 
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Applying the replacements R and q — ^ to the expressions in (1441) 

and (H^ we get further g-analogs of and respectively. Notice that 
f l37|) becomes the trivial identity Eki = Ski if q tends to 1. Thus, it describes 
a true g-deformed feature. 

With the help of the projectors 5* and A we are able to write down the 
quantum space relations ([T]) and f[T5]) in a rather compact form: 

A*^fc;xV = o, s'hie''e' = Q. (47) 

In Ref. [50] it was shown that these relations can also be written in terms of 
the i?-matrix (1331) : 

J^x^ = qR'hi x''x\ e'e^ = -q-^R'hi 0^e\ (48) 

Lastly, we wish to say a few words about the commutation relations 
between spinor coordinates and their conjugated versions. For these commu- 
tation relations to be covariant under the coactions f|T5|) . f|T6l) . and fl23|) they 
have to be of the form 

x'x^ = qR\lx^x\ (49) 

and, likewise, 

e~'e^ = -q-^R'^iO^el (so) 

It should be mentioned that the relations in fj49|) and fl50|) describe the braid- 
ing between two quantum planes. For the details we recommend the reader 
to consult Ref. [50]. 

3 Construction of higher dimensional spaces 
from quantum planes 

In the following section we review the canonical construction of higher di- 
mensional (symmetrized) quantum spaces from quantum planes. For physi- 
cal reasons, we restrict attention to four- dimensional g-deformed Euclidean 
space and g-deformed Minkowski space. The considerations in this section 
are mainly based on Refs. [34], [35], [36], and [52]. 

To construct the four- dimensional g-deformed Euclidean space and the g- 
deformed Minkowski space together with their quantum groups we need two 
copies of the quantum plane and two copies of the quantum group SLg{2). 
We denote the generators of the second quantum plane by and those of 
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the second copy of SLq(2) by M^j- Clearly, the relations between the M^j 
have to be of the same form as those between the M*^: 

R'^ki M\ M's = M\ R^Ks. (51) 

Next, we build the tensor product of the two quantum planes. To achieve 
this there are two possibilities: either the spinor components of distinct quan- 
tum planes commute or they are subject to nontrivial commutation relations 
given by the braiding in (H9l) . The first choice leads to the four-dimensional 
g-deformed Euclidean space, while the second one establishes g-Minkowski 
space. 

Analogously, the quantum group SOqi^A) and the g-deformed Lorentz 
group are build on the tensor product SLq{2) ® SLq{2). The relations be- 
tween the generators of the two tensor factors depend on whether we deal 
with four-dimensional g-deformed Euclidean space or g-deformed Minkowski 
space. The details are explained in the following two subsections. 

3.1 Four-dimensional g-deformed Euclidean space 

Compared to g-Minkowski space the g-deformed Euclidean space in four di- 
mensions has a simpler algebraic structure, so we will start with it. In this 
case, as mentioned above, the coordinates of the two distinct quantum planes 
commute with each other. On these grounds the generators of the two copies 
of SLq{2) shall also commute with each other, i.e. 

M'jM^l= M^lM'j. (52) 

Now, we come to the tensor product of the two commuting quantum 
planes. This tensor product is recognized as g-deformed Euclidean space in 
four dimensions. As coordinates on this space we define 

X'^ = 5 V =x'® x\ e {1, 2}. (53) 

We can also arrange tensor factors in reversed order. In this manner, the 
coordinates of g-deformed Euclidean space in four dimensions alternatively 
become 

X''^ =x'x^ = x' ®x\ i,jG{l,2}. (54) 

Next, we are seeking the relations of the coordinates X'^K To this end, 
we first make reasonable ansaetze. Then we substitute the coordinates with 
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their tensor representations given by fl53l) . Applying relation ([T]) we rearrange 
the expressions of each tensor factor in a way that they become normally 
ordered. Proceeding this way, each ansatz can be rewritten in terms of a 
tensor basis. From the coefficient of each basis element we finally read off a 
system of equations. Its solutions lead us to the commutation relations (12811) 
in App. A if we make the identifications 

X^=X^\ X'^ = X~^^, = X^^X^l (55) 

We now turn to the quantum group 5*0^(4). Its left coaction on coordi- 
nates of g-deformed Euclidean space in four dimensions takes the form 

I3l{X'^) = M'j^ M\ ® X'^' =: A^^'^, ® (56) 

or, alternatively, 

pLiX''^) = M\ M^s ® X''' =: M-hs ® (57) 

As one expects, each tensor factor transforms under its own copy of SLq{2). 

In analogy to ([31]) the commutation relations between the quantum group 
generators A^^ks should determine the i?- matrix for S'0g(4): 

A«i A«'i' f){kl){k'l') _ h&Wi') \kl \~k'l' /CON 

~kl^^ k'V^ {fs){r's') — -TL (kl)(k'VY^ fs-i^ r's'- l^OJ 

Since the quantum group S0q{4) is build on the tensor product SLq{2) ® 
SLq{2) the i?-matrix of SOq{A) can be related to the _R-matrix of SLg{2). 
Concretely, we have 

^^'^■^^'^■'\H)(^.0=?-'^''^^'^^'^^r. (59) 
To verify this identity we insert it together with 

^''-ki ^'''k'v = {M'l ® M^m'y ® M^V), (60) 

into Eq. (1^ . Using Eqs. (IM|) . (I5T1) . and (15^ we are then able to rearrange 
the left-hand side of Eq. ( 158 p in such a way that it becomes identical to the 
right-hand side of (l58l) . 

We can also start our considerations from the coordinates X^^ . Repeating 
the same steps as before we get instead of (|59|) that 

^^^^^^'^'\.n(.'0=^''^^''^'«'^^^'^P- (61) 
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This result differs from that in fl59l) insofar as indices with a tilde are inter- 
changed with those without a tilde. However, the entries of the i?-matrix 
of SLq{2) do not depend on the style of their labels. On these grounds, we 
are free to identify the expressions in (|59|1 and (|6T1) . As a consequence, we 
can restrict attention to the space spanned by the coordinates in f l53|) . The 
results corresponding to then follow from those to fl55]) by replacing 
indices with a tilde by indices without a tilde and vice versa. As we will 
see later on, this situation is completely different if we deal with g-deformed 
Minkowski space. Finally, let us notice that we obtain expressions for the 
inverse of the i?-matrix of SOq{A) if we replace each R in Eqs. ( |59|) and (!6T!) 
by Rr^ and apply the substitution q —>■ q^^. 

The next natural step is to consider the projector decomposition of the 
i?-matrix of S'0g(4) as it was done in Ref. [34]. Here, we only state the result 
taken from Ref. [34]. The projector decomposition is given by 

R = qPs- q-'PA + q-''Po- (62) 

The projectors for the /^-matrix of 5*0^(4) are composed of the projectors of 
the i?-matrix of SLq{2): 

^ kk''-' 11' y 

A'''kk'S^^'jj, + S'''kk'A^''w (63) 

Let us make a few comments on the meaning of these projectors. Pq 
projects onto a one-dimensional space. Via relation 

( pAii'Mi'f) - - _ I r;(ij){i'j')r; - _ ((\a\ 

K^O) (kl)(k'V) - f.ist){s't')r - - ^{kl){k'l') lo'lJ 

it determines the quantum metric of the g-deformed four-dimensional Eu- 
clidean space. Exploiting fl5B]) we find that the quantum metric and its 
inverse respectively take the form 

^(ij){kl) = -^ik^'jh (65) 

and _ 

C(km) = -e'^^e^r (66) 



l-^Oj {kl)(k'l') 
( p^\(i])ii'j') - - 

y^s) {ki)(k'v) 
y^A) (ki)(k'v) 
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Ps is nothing other than a g-analog of a symmetrizer. Likewise, Pa can 
be viewed as g-analog of an antisymmetrizer. The first summand of its 
decomposition in fl63l) is the antiself-dual projector P_, while the second one 
is the self-dual projector P+. The antisymmetrizer is linked to a g-deformed 
epsilon tensor: 

^iifjkM ^ {^e'^e'^'lV~^j^q,e''h^^ - e'^' R'^k'fe^'^e^^) , (67) 

The above expression for the epsilon tensor remains unchanged by substitut- 
ing R with . The prefactors in (159|) . (1611) . and (1631- [67|) were chosen for 
the sake of simplification of the conversion formulae between spinorial and 
vectorial objects [cf. SecE]- 

3.2 g-deformed Minkowski space 

To proceed with g-deformed Minkowski space we now demand that there is a 
braiding between the two quantum planes. The definition of the coordinates 
on the tensor product of the quantum planes is exactly the same as in the 
case of g-deformed Euclidean space, i.e. Eq. fl53|) carries over to g-deformed 
Minkowski space. The same holds for the coactions in fl56l) and fl571) . As 
opposed to our previous presentation we distinguish the generators of the 
second quantum plane by bars. This shall remind us of the fact that the two 
quantum planes are transformed into each other by conjugation, i.e. 

Xi] = 3;fc (g, ^ j = ®xi= Xjj,. (68) 

On these grounds, the braiding between the two quantum planes is given 
by dHj). Proceeding in the same way as described after Eq. but now 
taking into account the braiding of the spinor coordinates, we can derive the 
commutation relations for coordinates on g-deformed Minkowski space. 

The braiding between the two quantum planes forces the two copies of 
SLq{2) to be braided as well. To compute the relations between the two 
copies we apply the left coaction on both sides of fH9|) : 

h{X'^)=qW\jh{X^^). (69) 

The above equation can be recognized as covariance of the braiding fH^ . 
Exploiting this kind of consistency condition finally yields 

R'\lM\M'-t = M'^M\ir^st. (70) 
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By now we are able to compute the relations between the elements A'-^^; 
of the g-deformed Lorentz group. Using similar arguments as for g-deformed 
Euclidean space we can get the i?-matrix of the g-deformed Lorentz group 
in terms of the i?-matrix of SLq{2). In this manner, we have 

R^''^^^^^\k'v){i'j') = {R^^y^i:"j"{R~'^y^ yi„{R~^y \iij'R^ ^ (71) 

and the corresponding inverse becomes 

( h-l\{k'l'){t'i') _ _(f)-l\l't' hk't" _ Dk"j" _ (^r)\ 

[R ) {ij)(ki) - {R ) i"i"R tk"R j"i'-ti jk- l72j 

With the i?-matrix of the g-deformed Lorentz group at hand the commutation 
relations of the generators A^^^i of g-deformed Lorentz group can be written 
in the form 

A'^'HA"^"pri?^''^^''''\..)(f' = R^'^^^'\i)(k'i') A'\^sA''%'s'. (73) 

Nothing prevents us from starting our considerations with the coordinates 
introduced in fl5^ . i.e. we reverse the order in which the two quantum planes 
are arranged in their tensor product. In doing so, we end up at a second 
version of the i?-matrix for g-deformed Lorentz group: 

= R^^i'i~j"{R~^y k'i"{R~^)^ ^k"j'{R~^y ^ I'i', (74) 

and 

) {fj){kl) - ^ ik"^ > jk- I'Oj 

It is important to realize that the second choice for the coordinates of g- 
deformed Minkowski space provides us with an expression for the g-deformed 
Lorentz J?-matrix that is really different from flTTl) . This observation is a 
consequence of the nontrivial braiding between the two quantum planes g- 
deformed Minkowski space is made out of. 

The i?-matrix of g-deformed Lorentz group obeys the projector decom- 
position 

R = q-'Ps + q'Pt - (P+ + P-). (76) 

The expressions of the projectors can again be reduced to the projectors 
of the i?-matrix of SLq{2), but now we have to be aware of the nontrivial 
braiding between the two quantum planes. For this reason symmetrizers and 
antisymmetrizers of SLq{2) are accompanied by i?-matrices of SLq{2): 

(r>\{ij){kl)_ _(h-l\fk Aii"_ Aj"l f)l"k" 
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(h-l\jk qii" qj"l hV'k" 

(77) 

In complete analogy to the four- dimensional Euclidean space the first sum- 
mand in the formula for the projector is the antiself-dual projector P_, 
while the second one plays the role of the self-dual projector P+. 

In spinorial form the quantum metric of g-deformed Minkowski space now 
becomes 

C(jj)(ki) = -q '^Sw'iRy'' fk^i'i- (78) 
With the help of (1371) one readily checks that the inverse metric is given by 

The four-dimensional epsilon tensor in a spinorial basis reads 

^mmmu) =g3((p-i)u^,^,^^//p'(p-i)js'_„.,^fc'«^?rpfcs_^^^ 

- {R-^f\rk,e'''' ^~^\R-y\,jne^'''' e^'~'R".,^,). (80) 

The above formulae for projectors, g-deformed Minkowski metric and 
four- dimensional epsilon tensor refer to (I53p as choice for the coordinates 
on g-deformed Minkowski space. We saw that another choice for the Min- 
kowski coordinates as it was given in fl5^ leads us to different expressions 
for the g-deformed Lorentz i?-matrix. The same holds for its projectors, 
the g-deformed Minkowski metric, and the four-dimensional epsilon tensor. 
Luckily, this second set of expressions can easily be derived from the formulae 
in Eqs. (1771)- fl7^ by replacing R with R~^ and g with g~^, if unbarred indices 
are always converted into barred ones and vice versa. Such a transition rule 
follows from a comparison of (17T|) and (!74|) [or alternatively from comparing 
(!72|) with (!75|) ]. Finally, this transition rule also applies to (IHOj) with one 
exception: instead of the replacement g we have g — > — g^^. 

We would like to conclude with some remarks about the three-dimensional 
g-deformed Euclidean space. Its coordinates span a module algebra of the 
Hopf algebra Uq{su{2)). In this respect, three-dimensional g-deformed Eu- 
clidean space is more or less a subspace of g-deformed Minkowski space, since 
the Minkowski coordinates transform according to l/2(S)l/2 = 0©1, i.e. they 
contain a vector representation of Uq{su{2)). 



{Psf'^^'\-k'l'Wf) 
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4 Q'-Deformed Pauli matrices 



4.1 Some general remarks 

In this section we treat g-analogs of Pauli matrices in detail. Our consid- 
erations refer to g-deformed Minkowski space as well as the g-deformed Eu- 
clidean spaces with three and four dimensions. 

Let us recall that the Pauli matrices tell us how to combine two spinors to 
form a four-vector. In principle, the method to determine the entries of the 
Pauli matrices is the same for all quantum spaces under consideration. In this 
respect, we make an ansatz for the decomposition of the vector coordinates 

into symmetrized spinor coordinates, 

2 

x^= ^"i^na,^', (81) 

a=l,/3=l 

where {(t'^)^0 denotes the entries of the the so-called bosonic Pauli matrices. 
Exchanging the spinors on the right hand side of Eq. (1811) . we get a second 
possibility for introducing Pauli matrices: 

2 

X^= ^"i^n^px^- (82) 

Q = l,/3=1 

The coefficients (ct'^)^/? of this ansatz are the so-called conjugated Pauli ma- 
trices. 

Now, we act on both sides of Eqs. (18T|) and (l82l) with generators of a 
quantum algebra describing the symmetry of the quantum space under con- 
sideration. On the left-hand side of fl8ip and (152]) the action of the symmetry 
generators leads to a linear combination of the vector coordinates X^, which 
we replace by the ansaetze in flHTj) and fl82|) . respectively. Since the monomi- 
als as well as x'^x^ set up a basis, their coefficients should vanish. This 
requirement give us a system of equations for computing (cr'^)^,^ or (o"'^)^^. 

This procedure also applies if we use antisymmetrized spinors 6"^ and i9* 
in flSTl) and fl82l) . This way, we are lead to the conjugated and unconjugated 
versions of the so-called fermionic Pauli matrices. To sum up, we can dis- 
tinguish four different categories of Pauli matrices. It should be noted that 
the Pauli matrices of the same category are unique up to a common normal- 
ization factor. Let us denote these factors by kh, kb, kf, and kf, where the 



19 



labels b and / stand for 'bosonic' and 'fermionic', respectively, while the bar 
serves to distinguish the conjugated versions from the unconjugated ones. 
The ratios kb/kb and kj/kj are fixed by the commutation relations between 
the spinors of different quantum planes. The reason for this lies in the fact 
that commuting the spinors in flHTl) should yield the expression on the right- 
hand side of (IH2D- Finally, there remain two degrees of freedom. They can be 
removed by convenient choices for the normalization of unconjugated bosonic 
and unconjugated fermionic Pauli matrices, but this is a matter of taste. 

4.2 Pauli matrices for the three-dimensional g-deformed 
Euclidean space 

First of all, it is our aim to compute the explicit form of the Pauli matrices for 
the three-dimensional g-deformed Euclidean space. This requires to know the 
following commutation relations between generators of Uq{su{2)) and spinors 
of a quantum plane [48]: 





lrr+ 1 -1 2 

= qx I + q X 




= q X T^, 


T"x^ 


= qx^T~ , 


T~x^ 


-1 2rTl- 1 1 

= q XI + qx 


r^x^ 


= q^x^T^, 




= q'^x^T^. 



(83) 



For the other types of spinors, i.e. x*, 6'*, and 6^, we have the same relations. 
(From the point of view provided by Uq{su{2)) there is no difference between 
conjugated and unconjugated coordinates. Thus, the only purpose of the bar 
on top of the coordinates is to distinguish the two quantum planes from one 
another.) With (183!) at hand we are able to find the action of Uq{su{2))- 
generators on a tensor product of quantum planes. Acting on both sides 
of Eq. (1811) with the generators of Uq{su{2)) (for the vectorial and spinorial 
representation of Uq{su{2)) see, for example, Ref. [53]) and comparing coef- 
ficients we find the explicit form of the Pauli matrices up to normalization 
factors k and k, i.e. 
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(84) 



and 

{^'U = k(^l o)- (85) 

Apart from a global normalization there is no difference between the 
conjugated and the unconjugated matrices. This is a consequence of the 
fact that all types of spinor coordinates behave under transformations of 
Uq{su{2)) in the same way. The braiding for symmetrized spinors in (1491) 
requires for the Pauli matrices to fulfill 

(a%s = q-\R-'r^^sia^)^0, A G {+, 3-}. (86) 

As one can prove by inserting this is indeed the case if k/, = q'^kb- Likewise, 
the braiding for antisymmetrized spinors in fl50l) implies kf = —kf- 

We do not discuss the three-dimensional Pauli matrices any further here, 
because they are a subset of the Pauli matrices of g-deformed Minkowski 
space. In other words, the results for g-deformed Minkowski space include 
those for three-dimensional g-deformed Euclidean space. 

4.3 Pauli matrices for the four-dimensional g-deformed 
Euclidean space 

4.3.1 Computation of Pauli matrices 

The treatment of the four-dimensional g-deformed Euclidean space differs 
from the three-dimensional one insofar as the generators of Uq{so{4)) have 
to act on the two quantum planes differently. As we know, Ug{so{4:)) is alge- 
braically isomorphic to SLq{2) ® SLq{2) and the first quantum plane carries 
a (1/2, 0)-representation of ?7g(so(4)). Thus, the commutation relations be- 
tween the generators of Uq{so{4:)) and spinor components of the first quantum 
plane read as [53] 
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= x'^Lt 












= q~^x^L^ • 


- qx\ 


Kix^ 






K,x' 


= qx'^Ki, 




Lfx^ 


= x'^Lf, 




K2X' 


= x^K2, i 


€{1,2} 



(87) 

The second quantum plane transforms under the action of Uq{so{A)) as a 
(0, l/2)-representation. The corresponding commutation relations are ob- 
tained from flHTl) via the interchanges 

Ki ^ K2, x' ^ x\ Lf Lf. (88) 

The x* as well as the are coordinates of symmetrized quantum planes sub- 
ject to ([I]). In complete analogy to the three dimensional case the generators 
of [/g(so(4)) commute with antisymmetrized spinors in the same way as with 
symmetrized ones. 

Notice that the above commutation relations are compatible with the 
relations of the symmetrized and the antisymmetrized quantum plane in the 
sense that 

T(x^x^ — qx'^x^) = (x^x^ — gx^x^)T, (89) 

T{e^e^ + q-^e^e^) = {e^e^ + q-^e^e^)T, 

Te^e^ = Q, fcG{i,2}, (90) 

where T stands for a generator of [/g(so(4)), i.e. L^, L^, L^, i^i, or 
K2- Moreover, the commutation relations between generators of Uq{so{A)) 
and spinor coordinates are consistent with trivial braidings between different 
copies of quantum planes, i.e. we have 

x^x^' = x^x\ e'e^ = -ew\ (91) 

where x\ x* denote symmetrized spinors and 6**, 6'* antisymmetrized ones. 

Now we want to describe how to compute the Pauli matrices for the four- 
dimensional g-deformed Euclidean space with its special features. First we 
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compute the Pauli matrices for symmetrized spinors. As ansatz we use fl8ip . 
X'^ stands for one of the vector coordinates of four-dimensional g-deformed 
Euchdean space, i.e. X^, X^, X^, or X^. Their commutation relations with 
the generators of f/q(so(4)) are listed in the appendix [cf. fl28ip ]. We apply 
the generators of ?7g(so(4)) to both sides of fl8T]) and substitute the vector co- 
ordinates by fIST]) . Comparing coefficients we finally get for the unconjugated 
bosonic Pauli matrices 

= ( o' ) ' (""'^-/^ 

= ( ) ' ^^'^"^ = < ^ ' ' ^''^ 

with fcft being undetermined at the moment. 

Starting from the ansatz (1521) instead, we obtain the 'conjugated' bosonic 
Pauli matrices: 








h 


I) 











-h 



°. o)- (o 4)- ^''^ 

However, flHTl) and fl82l) are not really different since the two spinors and 
X* commute with each other [cf. the first identity in (1911) ]. On these grounds, 
it should hold 

i^'U = i^n^a = {^%, (94) 

if we set kf, = kf,. 

A short look at fl92l) and fl93p tells us that the Pauli matrices of four- 
dimensional g-deformed Euclidean space take on a rather simple form. The 
reason for this lies in the fact that the vector coordinates of four-dimensional 
g-deformed Euclidean space are given by fl53|) or fl5^ (up to additional fac- 
tors). If we choose fcft = 1 we have 

X^ = X^^ = X^\ X^ = = 
X^ = = X^^ X^ = -X^^ ^ _x^^, (95) 

We can repeat the same steps as above for antisymmetrized spinors. The 
only thing we have to do is to replace symmetrized spinors in flSTl) and 
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with antisymmetrized ones. As already mentioned both types of spinors be- 
have in the same way under transformations of ?7g(so(4)). Hence, we should 
get the same matrices as for symmetrized spinors, apart from different nor- 
malizations kf and kf. Since 6^ anticommutes with 6^ [cf. the second identity 
in (|9T|) ] we should have kf = —kf. As we will see later on, it is not con- 
venient to incorporate the minus sign into the 'conjugated' Pauli matrices. 
In the case of antisymmetrized spinors it would be better to redefine the 
'conjugated' Pauli matrices: 

2 

X^ = - ^^"(^^M''- (96) 

a=l,f3=l 

In this manner we have kf = kf. The advantage of the new definition becomes 
apparent, if we reahze that we are free to choose the values for kb and kf, so 
we take the convention k^ = kf = 1. Now, there is no difference between the 
bosonic and the fermionic Pauli matrices, thus we can restrict ourselves to 
the bosonic ones. 

Let us recall that our Pauli matrices combine two spinors to give a vector. 
We can also ask for matrices that allow to switch from vector coordinates X^^ 
to a tensor product of two spinors. This problem leads us to the so-called 
Hnverse' Pauli matrices {o'~^)°'^. It is important to notice that these matrices 
are not inverse to the matrices cr'^ in the sense of matrix multiplication. The 
terminus ''inverse^ shall remind us of the fact that the matrices give rise 
to mappings from vectorial to spinorial objects. This way, we have 



4 

Remarkably, the 'inverse' Pauli matrices are identical with the Pauli matrices 
in ([92]) and ([93]): 

= (^")a/3, i^.'r' = {^'U- (98) 

These identifications are a characteristic feature of the g-deformed Euclidean 
space in four dimensions, since for g-deformed Minkowski space the situation 
is more involved, as we will see later on. 



24 



4.3.2 Elementary properties of Pauli matrices 

The matrices and as well as their 'conjugated' counterparts fulfill 
certain orthogonality and completeness relations, which are a direct conse- 
quence of the definitions of the Pauli matrices. The orthogonality relations 
read 

and the completeness relations take the form 

{^n.p«r''' = SaS'-, {^'Ui&.'f''' = 5f <• (100) 

In addition to this we have 

{^,'r'{^%s = < K'T'{^%8 = 5," 5?, (101) 

as can be proven by inserting the explicit form of the Pauli matrices. 
There are g-analogs of trace formulae for Pauli matrices [34] : 

Tr, {a^~an ^ s^' ia^^^e^^' (Sr^,,^, = -g^\ 

Tr, {d^a-) = e'"''{a'^)^f,e^^'{ani3'a' = -9^\ (102) 

Tr, (^, V;i) = e^^,{a;Y^ef,pia;Y- = -g,,, (103) 

where g'^" denotes the metric of the four-dimensional g-deformed Euclidean 
space (see also App.|X|). Notice that the relations in (11031) follow from those 
in (11021) by means of Eqs. (jl]) and fl98l) together with the identity g^'^ = g^^. 

Next, let us say some words about raising and lowering indices of Pauli 
matrices. We assume that a four-vector can be build up from spinors in the 
following ways: 

= a;"((T^)^^x^ = x„(a^)"^x^ 

= x„(cr^)°^x^ = x°(a'^)/x^. (104) 

Since we can apply the spinor metric to raise and lower indices of spinors 
[cf. Eq. dnD] it follows 
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= x''{a^).e^^'x,,. (105) 



Comparing (11041) with (llOSp yields 

i.e. raising and lowering of spinor indices of the Pauli matrices is different 
to that of spinor coordinates. Similar arguments lead us to 

(a'^)-/3 = (a^)^,^,£°'-£/5'/3, 
i^T. = i^'h'f^e-'^ {anf = {on^'p'S^''. (107) 

Next, we come to the behavior of the vector index of the matrices and 
0"^. It should hold 

= a:"(a^)„^x^ = 5:''{a^)^px'' . (108) 

On the other hand we have 

X,{= g,,xn = g,,x''{a')^fx^ = g,.5:''{a'')^px^ . (109) 

Thus, we can conclude that = g^ycr^ and = g^ycy" , so the vector indices 
of the Pauli matrices and are raised and lowered in the same way as 
indices of vector coordinates. 

The above considerations about raising and lowering of indices of the 
Pauli matrices and can be adapted to 'inverse' Pauli matrices. In doing 
so, we find that the spinor indices of and follow the convention given 
in Eq. ([6]), but the vector indices of these matrices are now raised according 
to 

{a-y = a-'g^^, {d-'Y = K'q"'- (HO) 
4.3.3 Relations for products of Pauli matrices 

Using the index conventions of the previous subsection we define matrix 
multiplication of Paul matrices as 

a^a^ = {a^~a')J = (a^)«^(a)/, 

o^a'' = {a^a^a^ = (a)^^(a'^)/. (Ill) 
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In the remainder of section 14.31 it is understood that the Pauh matrices 
have the index structure (o"^)q,^, if not stated otherwise. Products of a- 
matrices are then muhiphed according to fillip . 

With this matrix muhiphcation at hand, we are now able to write down 
g-analogs of some standard relations in a rather compact form. First, sym- 
metrizing the product of a Pauli matrix with a 'conjugated' one is equal to 
zero, i.e. 

{Psr\'u'~a^' cj""' = {PsY\iu'Cr^'&''' = 0, (112) 

where Ps denotes the symmetric projector of the four- dimensional Euclidean 
space. Its explicit form can be obtained from flMl) and the general conversion 
formulae (see also the discussion in Sec. [5]) 



The identities in (I112p become clear from the following representation theo- 
retic argument. The index structure of the product (cr^o"'')^^ should tell us 
that it behaves like a spinorial object living in the representation space 

(1/2,0)® (1/2,0) = (1,0) ©(0,0). (114) 

The point now is that Pg projects onto the representation (1, 1) which is not 
contained in (11140 . 

By means of the projector decomposition fl62|) and the trace formulae of 
f ll02p the identities in flll2p are equivalent to 

{a^a-)^P = -qk^^^.^a^^'a'"')^^ + q-^g^^d^^, (115) 

where R^" pa is the i?-matrix of the four- dimensional g-deformed Euclidean 
space. In part two of this paper the above relations will lead us to the Clifford 
algebra for g-deformed 7-matrices. Notice that applying the substitutions 
R — > R~^ and q q^^ to (11150 gives equally good relations. 

In analogy to the undeformed case, the product of a Pauli matrix with a 
'conjugated' one can be decomposed into a symmetric and an antisymmetric 
part, since we have 

a^d'' = \-^g^- - q-^X-h^^-^P-ga^gpscr^a', 
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a^a'^ = X-^g^^'' + q-^X-^^^^'^ g„,gps~^^ a\ (116) 

with s^'^''" being the epsilon tensor for the four- dimensional g-deformed Eu- 
chdean space [cf. fl284p in App.|A]. In this way the equahties of flll6p reflect 
the decomposition in (11141) . Notice that in the first summand on the right- 
hand side we omitted the Kronecker delta in spinor space. Contracting the 
two vector indices by the quantum metric enables us to extract the symmetric 
part contained in the products of (11161) : 

g^ufy^'^" = g^.u^^^y" = X+1. (117) 

The product of three Pauli matrices reduces to linear combinations of 
Pauli matrices. The classical formulae inspired us to make the ansaetze 

2 (T^CT = g^'^aP + k2 g'^^'a^ 

- R^\'u'9'''^'' - q-' e^^''"g„^a\ (118) 
2 d^a^d^ = ki g^^'aP + fca g^^a^ 

- R^\'u'g''''d^' + q-^ s''''P^g^xa\ (119) 

For both formulae the coefficients ki, /c2 take as values ki = q~^, k2 = q. 
Further relations are obtained from the above ones by replacing R with R~^ 
and performing the interchange fci /c2- 

Next, we turn to trace formulae for products of four Pauli matrices. They 
should be of the form 

2Tr, (a^V'^aV) = 2(a^V'^aV^)"<i 

= h 9'" 9'' + k2 g^^'g^' 

+ g^P'k'%>,,g'''^ + q~h^"'P^, (120) 

2Trg ((T^aV^a^) = 2((T^aVa^)°„ 

= h 9'"' 9'^ + h 9"^' 

+ g^'p'R''Pp,^,g'''^ -q'^e'"'P\ (121) 

Here, we find that ki = —q, k2 = —q^^ is a consistent choice. Again the 
interchanges R ^ R~^ together with ki ^ k2 give a second set of relations. 

Contraction of the four-dimensional epsilon tensor with a product of four 
Pauli matrices finally yields the scalars 
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W^'^'^'^^ = ?"'[[2]],^[[3]],2l, (122) 

as can be proven by insertion. 

At last, we wish to write down a trace expansion for an arbitrary 2x2 
matrix A^^: 

A/ = Tr(ariA) {a^^ + q-' i:i{a,'A) {a^^ 

+ Tr(a3-M) {a^^ + Trial' A) [a'f^. (123) 

Notice that we have to take the standard trace and not the quantum trace. 
The above identity is a direct consequence of completeness relation fllOOp . 



4.3.4 The spin matrices a^^^ and a 

Definition: In the undeformed case the spin matrices are defined as anti- 
symmetrized products of two Pauli matrices. This definition pertains in the 
g-deformed case. With Pa being the antisymmetric projector of the four- 
dimensional g-deformed Euclidean space the g-deformed spin matrices take 
the form 



la 1 



an^^ = {PAr\x{d^a%P, (124) 



and 



= {PAr\AKW)^'- (125) 

Raising of indices and matrix multiplication works in exactly the same man- 
ner as for the Pauli matrices. 

We would like to list the non- vanishing matrices a^'^ and a^^, explicitly: 



^13 -12 / g 1 A 14 14 ^-i ( q 



-1 



ooy' ^ \ ^ -q 

^23 _ -32 _ „-l\-l ( ~q ) ^24 _ -34 _ ( 

a -a -q y ^ a -a -^^ ^ 

= a^^=(l "M , ^32 ^ -23 ^ ^^-1 [ q 



00/' +VO-g 



-1 
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a- = a- = A- ( 7 ) , a- = = ( ^ ) . (126) 

The reader may realize that the two types of spin matrices differ from one 
another by an interchange of the vector indices 2 and 3. 

Fundamental properties: Next, we come to some fundamental prop- 
erties of the spin matrices. First of all, the spin matrices are antisymmetric 
in their vector indices, i.e. 

{PAr'-^'^u = {PaT''"',. = a;;. (127) 

This property is a direct consequence of the definitions in 01241) and fll25p . 
We know that the projector Pa of the four- dimensional g-deformed Euclidean 
space splits into a self-dual and an antiself-dual part, denoted by P+ and P_, 
respectively. P_ projects onto the representation (1, 0). In the same manner, 
P+ corresponds to the representation (0,1). Essentially for us is the fact 
that the spin matrices a'^'^ and cr'^'^ respectively organize mappings of the 
representations (1, 0) and (0, 1) onto themselves. In this manner, we have 

{P+rpxcr^' = (y^^ {P-rpxcx^' = 0, 

(P_)^%,a^^ = {P+r%xa'^ = 0. (128) 

With the remarkable identity 

e'%x = gp'pgyxe'"''''' = q'K{{P+r%x - {P-Y%x). (129) 
we get from fll28p that 

e^^xcj"^ = q'KiiP+r%x - {P-Y\x)(y''^ = q^K(yp\ 

e^\xo''^ = q^X+{{P+r%x - (P-)^%A)a^" = -g'A+a^\ (130) 

The conjunction between spin matrices and the representations (1, 0) and 
(0, 1) also shows up in the formulae 

and 
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i^na^i^ir' = 0, {^n^f^i^;ir' = o, (132) 

where S denotes the symmetric projector for the quantum plane [cf. (1351) ]. 
Notice that S corresponds to the spin-1 representation of Ug{su{2)), while 
the spinor metric corresponds to the spin-0 representation of Uq{su{2)). Thus, 
we additionally have 

i^na^e''^ = 0, = 0, 

{an^,e-' = 0, {a-jr'e,, = 0, (133) 

which can also be written as 

Tr,a'^^ = 0, Tr,a;; = 0, Tr,a^'^ = 0, Tr,a^J = 0. (134) 

In other words, spin matrices are traceless and symmetric in their spinor 
indices. 

The identities in fll3ip describe a kind of completeness on the space onto 
which S projects. In a similar fashion, but now with spinor indices being 

contracted, we have 

i^na,i^;xr' = k{p+y\x. {^n^p{^;lf' = k{p-y\x. (135) 

Once again, these relations confirm the observation that the spin matrices 
are linked to the representations (1,0) and (0, 1). 

Relations concerning spin matrices: There are numerous rearrange- 
ment formulae including spin matrices that could prove useful in physical 
applications. It is our aim to write down q-analogs of such formulae. (For 
their undeformed counterparts we refer the reader to Refs. [41], [54], and [55], 
for example.) In this manner, we found 



a^^ = 


- X-^g^""" + a'^cT^ 






a^^'a^ = 


Y(^a)^%v'/V^' 


1 


-2 nuXp 


~LIV ~ A 

a'^ a = 




1 


t Up, 


a a = 




1 

+ 5« 


-2 iiuXp- 
t Up, 
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1 1 

+ KiPArMPATK'x'g"''''-^^'^'. (136) 

In addition to this, there are some formulae concerning contraction of 
vector indices: 

(cT^)aa(a'"^)/3/3' Qup = -^/J'a - e ^f^' {a^") c^a- (137) 

Through the interchanges ^ and cr'^'' ^ 5"'^'' one gets further relations 
from (11371) . Moreover, we could verify the trace formulae 

Tr,(a^V''^) = ^{PArMPAr\'X'9''''9'''''' - ^^'"""'i 
Tr^ia^'a^^) = ^{PaTMPaTK'x' g^'^'g"'^' + (138) 
Last but not least, we would like to give the following very useful formula: 

+ k,{a^''Ug,^{a^').p, (139) 

where the constants take on the values ki = — A^^, k2 = = k^ = —1. 

Applying the interchanges ^ and a'"^ ^ a'^'^ yields another g-deformed 
Fierz identity. Notice that the formula in fll39p describes how a tensor prod- 
uct of two four-vectors decomposes into its irreducible constituents. 

4.4 Pauli matrices for the g-deformed Minkowski space 
4.4.1 Computation of Pauli matrices 

From a physical point of view g-deformed Minkowski space is one of the most 
important quantum spaces. In this section, we will consider its Pauli and spin 
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matrices in some detail. Once again, we begin with explicit calculation of 
Pauli matrices. This requires to know how the generators of the g-deformed 
Lorentz algebra commute with the spinors and x". In the first case, we 
have [24] 





= x't\ 




= x't' - qX^x'T' 


T'x' 


= q-^x^T\ 




= qx^T\ 


S'x' 


= qx^S^, 


S'x' 


-1 2cl 12 

= q X b — X a 


a'x' 


= x^a'^, 


a'x' 


2 2 
= X 0" , 



(140) 



where the elements r^, a^, T^, together with the generators of Uq{su{2)) 
span the g-deformed Lorentz algebra. For conjugated spinors the correspond- 
ing commutation relations read as 



t'x' 


= q-^x\\ 


t'x^ 


= qx'^r^, 


T'x' 


-lrp2 1 -1-2 1 

= X T + q XT 


T'x' 


= x^T\ 


S'x' 




S'x' 


= x^S\ 


a'x' 


= gxV^ + X^x^S^ 


a'x' 


= q~^x^a\ 



We have not written down the relations of the generators of Uq{su{2)) with 
the spinors x"^ and x", since they take the same form as in fl83p . These 
commutation relations make the quantum planes to the spinors x" and x" 
into module algebras of the g-deformed Lorentz algebra. The same assertion 
is valid if we consider the quantum planes to the antisymmetrized spinors 6'" 
and 

The commutation relations between Lorentz generators and spinors are 
completely determined by the following two requirements. First, the Lorentz 
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generators have to commute with the relations of the symmetrized and the 
antisymmetrized quantum plane, i.e. 

T^x-^x"^ — qx^x^) = {x'^x'^ — qx'^x^)T, 
I [x X — qx X ) = [x X — qx X )I , 

T{e'e^ + q-^e^e') = {e'e^ + q-'e^e^)T, 
T{eW + q-We^) = {eW + q-We^)T, 

rpiQaga ^r^Qaga a,de{l,2}, (142) 

where T stands for a generator from the set {T"*", T~, r^, r^, cr^, 5*^, T^}. 
Second, the commutation relations between Lorentz generators and spinors 
should respect the braiding between spinors and their conjugates [cf. Eqs. 
(gnD and (itoj)]: 

T{x^x^ - qR^%>^>x^'x"') = (x'^x^ - qF&%> ^> x^' x^' )T , 

Tie^ef^ + q-^R^'^p>o.>e'^'e"') = (r^^ + q~^R^%>o.>e'^'e"')T. (143) 

Following the line of reasonings described in sections 14.11 and 14.3.11 we 
calculate the explicit form of the Pauli matrices for g-deformed Minkowski 
space. In doing so, we find the matrices 



and their conjugated counterparts 

= ^ n .-1/2 ^ 1/2 h = ^ 



Again, our results depend on the parameters k G {fcfe. A;/} and A; = {A;^, A;/}. 
Their values are restricted by the braidings between spinors and their con- 
jugates. For symmetrized and antisymmetrized spinors these braidings are 
respectively given by (jlH]) and flHI]) . As was already mentioned, the relations 
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describing the braiding between spinors and their conjugates enable us to 
transform the two sets of a-matrices into each other. In this manner, we 
obtain by means of fH9l) and fl50l) that 

= 1 (^f)a,^ = 9"' i^fhP^ (146) 

which, in turn, imphes 

kb = q~^h, kf = qkf. (147) 



Notice that for the fermionic Pauh matrices we used definition (1961) . As we 
will see later on, the choices 

h = q"'K"\ kf = g-i/^A;^/^ (148) 

lead to simplifications in what follows. 

Now, we write down the bosonic Pauli matrices in their final form: 

q ,^0, _ ,-1/2 f 

q' 



i--U = ' = a"/^ ) • (^^9) 



Likewise, the conjugated Pauli matrices are: 

(--U = ( "o' 13 ) • = ( 'T ) ■ ('50) 

In the remainder of this section will concentrate our attention on the bosonic 
Pauli matrices. 

A short look at flSTl) and fl82l) tells us that the Pauli matrices give us the 
decomposition of a four-vector into a tensor product of spinors. With (I149p 
and (11501) we find 





2—2 

= qx X , 
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X- = qx^x\ (151) 

and 





= q~ 




1 




X' 


= a: 










= a: 








X- 


= 









(152) 

It is our next aim to invert the equations in ( 115ip and ( 1152^ in order to 
express tensor products of two spinor components by vector components. In 
doing so, we obtain relations from which we can read off the exphcit form of 
the 'inverse' Pauli matrices: 



where 



X"^ = X^ia-^y^, X^l^ = X'^(a;^)"^, (153) 



_ / \ (^-l\a$ _ -1^.-1/2 f g^^^ 



(<rzr" = ( "o' I), (-„-')°^ = A;"^ ( „l ) , (154) 



and 



) = ( g J ' (^3 ) = ?A+ 



gl/2 








gl/2 


g-1/2 








g-1/2 


_^l/2 






icr--T'=[l oj' (^o-r^ = ^+ ( :i/2 \ )• (155) 

As in Sec. l4.3.r| the reader should not confuse the terminus 'inverse' with 
being inverse in the sense of matrix multiplication. If we consider anti- 
symmetrized spinors we have to deal with inverse Pauli matrices that are 
connected with the bosonic ones via 

^7,1 = i^J,l)=^-'-<- (156) 
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4.4.2 Elementary properties of Pauli matrices 

From a direct inspection of tlie expressions for Pauli matrices one can read off 
the following rules between the entries of Pauli matrices and their conjugated 
counterparts: 

i^n., = i^nii = i-iY'^^KY', (157) 

where denotes a Kronecker delta. These rules correspond to the conju- 
gation properties of four-vectors given by 

XJ^ = {-lf>^X^. (158) 

Now we come to some orthogonality and completeness relations for our 
matrices. Orthogonality becomes 

i^na,i^;'r' = s'-u, (an^a-'r' = 5^. (159) 

For completeness we have 

Applying relation (149|) to formula (IHTj) we are able to commute spinors 
with their conjugates and should obtain formula (182|) . For this to be true we 
must have 

{a^)^^ = qR-\sia>^U, (161) 

if R stands for the i?-matrix of Uq{su{2)). From the orthonormality and 
completeness relations we then conclude that for the inverse Pauli matrices 
it holds 

i^ii^)iS = ?-R°%(o-^^)q/3, 

and 
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{<y-'T^<yn,s = q^\R''r^s. (163) 

The corresponding formulae for fermionic Pauli matrices follow from exploit- 
ing relations fll46p and fll56p . 

In very much the same way as was done for the four-dimensional q- 
deformed Euchdean space we introduce a quantum trace for g-deformed 
Minkowski space. This quantum trace taken for certain products of two 
g-deformed Pauli matrices can be expressed in terms of the quantum metric 
of g-deformed Minkowski space: 

Tr, {a^a^) ^ e'^'^' {a^^.e^^' {a'^) = -r,,., 
Tr, {a^'an = e""' {a^UfsS^^' {a^fs'a' = -r/^., (164) 
Tr, ia-^'cr;') ^ w(^;^)%,,(a;^)^'"' = -r^,., 
Tr, (a^-V;i) = eM^;'r%P'i^;Y''' = (165) 

The Pauli matrices for g-deformed Minkowski space were introduced in 
very much the same way as was done for the four dimensional g-deformed 
Euclidean space. Thus, the considerations about rasing and lowering of in- 
dices in Sec. 14. 3. 2] carry over to g-deformed Minkowski space with some minor 
modifications. Once again, we have 



= x^ia^'Y^x^ = x"{a^')Jx^. (166) 

Lowering indices of spinor coordinates according to Eqs. and fITU]) it 
follows 

X'^ = £°"'x,,(a^),^(-£^'^'x^,) 

= £""'x„,(a'^),^x^ = x'^ian^pi-e^^'x^,). (167) 

Comparing (11661) with (11671) we obtain the rules for raising the spinorial 
indices of Pauli matrices of g-deformed Minkowski space. Similar consider- 
ations hold for the conjugated Pauli matrices. In this manner, we should 
arrive at 
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and 



(crT. = -{^n^'^e^'', {crnf = icrn^'^'B^''- (169) 

Contrary to the Euclidean case we have to take care of a minus sign if a 
dotted index is lowered. The reason for this lies in the fact that spinors with 
dotted indices are now subject to (fTOl) . Finally, the Lorentz index is raised 
and lowered by applying the g-deformed Minkowski metric 77 [cf. (12871) ]. i.e. 
we have 

a'^ = r^'^^a,, cx^ = ii,,,ar (170) 

Now, we come to the 'inverse' Pauli matrices. Their spinorial indices 
behave in the same way as the spinors do in Eqs. ^ and flTU]) . but their 
Lorentz indices obey the rules 



a , 



4.4.3 Relations for products of Pauli matrices 

Now we will present g-analogs to some well-known relations concerning prod- 
ucts of bosonic Pauli matrices. If not stated otherwise it is always assumed 
that Pauli matrices have the following index structure: 

(a'^)/ = -(a^),^£^^ (a^)/ = (a'^)^^£^^ (172) 



cr 



' - ea,K'r^, = -e^i^^r'. (173) 



Moreover, multiplication of Pauli matrices is understood as 

^M^- = (a^a'^)/ = (a^)^^(a'^)/, (174) 
= {a,WV' = (175) 
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The reasonings leading to the following relations are in complete analogy 
to those in Sec. l4.3.3l Thus, we can restrict ourselves to stating the results, 
only. Symmetrizing a product of Pauli matrices in its Lorentz indices gives 
zero: 

{PsY\'.'o'' o""' = iPsr\>,>a'^'a''' = 0. (176) 

Together with the projector decomposition fl76l) and the trace formulae in 
( 11641) the last identities imply 



a^'a^' = - R''^, a^"' a'' - q r/^^ (177) 

Notice that in the above formulae we are allowed to replace R with R~^ and 
at the same time q with q~^. 

The product of two Pauli matrices splits into an antisymmetric and a 
symmetric part. In this sense we found 

a^a'^ = - \-Y''^+ q^Kh^''P''r^,,r^,s(y^a\ 

af^a" = - X-^T]^""! - q^X-^e^''P''r]^^r]psa^a\ (178) 

where e'^'^'^'^ denotes the epsilon tensor of g-deformed Minkowski space (for 
its non- vanishing components see App.[A]). Similar decompositions exist for 
products of 'inverse' Pauli matrices. They are obtained from fll78p by apply- 
ing the replacements 

cr^^a^', v'^^V^u, e^"'"" e^,,,. (179) 

If we contract the Lorentz indices in (I178p with a g-deformed Minkowski 
metric and realize that 

V^'^V.u = Xl, V.uS^""' = 0, (180) 
we arrive at the identities 

V^.ua''a^' = r^^.a^a' = -X+1. (181) 
Products of three Pauli matrices can be decomposed as follows: 
2 (j^a = ki r]^''aP + k2 n^'^a^ 
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+ h R^%'u'V"''(y''' + q^eP'P^'n^^cT^. (182) 



In both formulae the coefficients ki take on the values ki = —q, /c2 = —q~^, 
k^ = q. The decompositions in (11821) can also be written with instead 
of R. If we do so, the coefficients ki become ki = —q^^, k2 = —q, k^ = q~^. 

Next, we come to formulae for the quantum trace of products with four 
Pauli matrices: 

2 Tiq a^a^aPa^ = ki r^^^r/^^ - k2 ^p^^^p 

+ k^7]PP'R''Pp,,,r]''''' + qhP''P'', 

2 Tiq aPa^'aPa^ = ki r^^^r/^^ + k2 v^^v''^ 

+ k^riPP'R^Pp^.^T]"'^ -qhP'P^. (183) 

For this to be true we have to insert ki = q~^, k2 = q, k^ = —q. Substituting 
R~^ for R the values of the coefficients ki instead become ki = q, k2 = q~^, 

h = -q~^- 

Last but not least, we would like to give formulae for contracting four 
Pauli matrices with the epsilon tensor of g-deformed Minkowski space: 

e^.pxcr^aPa'^aP = -q''[[2]],2[[3]],3l 

e,upxo^aPa-crP = ^-^[[2]],. [[3]],3l (184) 

There exist variants of the formulae in (II 8 ip - (11841) that use the 'inverse' 
Pauli matrices and (t~^ instead of aP and (jP. They are easily derived 
from (I181l) - (ll84p by performing the replacements 



RP\,,, ^ RP'"',,, {R-^)P\>.> ^ {R-'Y%u. (185) 

It should be mentioned that each 2x2 matrix Aa^ can be expanded in 
terms of Pauli matrices: 

A/ = A;'/'Tr(A) {ay^ + Tr (a;M) {a+f^ 

+ Tr {a^^A) {aY ^ + Tr {aZ'A) {a-f ^. (186) 
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There is also an expansion in terms of the conjugated Pauh matrices. It 
follows from the above formulae via the substitutions a — > (x and A , — >■ 




Let us end with the following remark. Now, the advantage of the conven- 
tion (11481) for bosonic and fermionic Pauli matrices should become obvious. 
It is responsible for the fact that a product of a Pauli matrix with a conju- 
gated one gives the same result for the bosonic and the fermionic case. Thus, 
all of the above relations also hold for fermionic Pauli matrices. 



4.4.4 Additional relations for the matrices cr+, a^, a 

As already remarked in Sec. 14. 21 the Pauli matrices for the three-dimensional 
g-deformed Euclidean space constitute a subset of the Pauli matrices of q- 
deformed Minkowski space. Thus, there is a rather simple method to obtain 
relations for Pauli matrices of the three-dimensional g-deformed Euclidean 
space: in the results of g-deformed Minkowski space we omit all relations 
with indices corresponding to the time element. In doing so, it suffices to deal 
with the matrices a^, A G {-|-,3,— }, since the 'conjugated' Pauli matrices 
a^, A e {+, 3, — } differ from them by a global factor, only: 

-at = q-'at erf = af. (187) 

Similar reasonings hold for 'inverse' Pauli matrices. 
The completeness and orthogonality relations are 

{^""Ui^B'T^ = S^B. (188) 

For the undeformed counterparts of the following relations we refer the 
reader to Ref. [54] (see pp. 4 and 5 therein). First some simple identities: 

a+a' = -q-'a'a+ = 

a-a^ = -q-'^o^a- = AT^^V", 



-1/2^3 



a^a- = -q^ A;^ll-gA: 
a-a+ = -gAT^l + gAT^^V, 



[a a 



(_l)«-lg2(n-l)^+^-^ 

(-l)"-lg2(n-l)^-^+_ ^^gg) 
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The Pauli matrices now obey the Chfford algebra 
a a = -q K ^,^,cr a +qg , 

^A^B _ -A{p-1\AB ^A'B',^3^AB fTQn\ 

where R and g respectively denote the i?-matrix and the quantum metric of 
the three-dimensional g-deformed Euclidean space [26]. 

The formulae for decomposing products of Pauli matrices reduce to 

a^a^ = q'\l'''e^^^gcc'^^' + g^A;^/^l, 

- k2 R^\,B'g'''''a^' + q' A;'/'£^^^1, (191) 

where the coefficients ki are given by ki = \^^, k2 = q^^+^- Notice that e'^^'" 
stands for the three-dimensional g-deformed epsilon tensor [26, 53] (see also 
App.|X]). Applying the replacements R R~^ and ki ^2 to the formula 
for the product of three Pauli matrices yields the same identity. 
The trace formulae now become 

Tr,a^a^= -g-V^ 

Tr, a^a^a^a^ = k^ g^^g'''' + k^ g^^'g'"'' 

-k.g^^'R^^c'B^g''''', (192) 

with ki = — g^A^^, k2 = — g^A^^. The last relation can alternatively be 
written down in a form obtained by the interchanges R R~^ and ki ^ k2. 

There are some Fierz identities concerning the three-dimensional Pauli 
matrices: 

5'yl_B(c"^) 0/3(0"^) 75 = [[^]]q^^+^£aS''R^ iS'jR^ ^ is'sR^ ^ ys'^Y'is'' 

\-^n r^^^ m'f^' R<5'/3" £)<5"7" (^B\ 

I D7'/3' nS'fS" D<5"7" 

+ g £ gcC'gBB'{0- )aS" 

^ hl'P' h5'P" d5"7" („B'\ 
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I D7'/3' D<5'/3" D<5"7" 

X FP ^ f^jR^ ^ P'sR^ 7'(5'(o"^ )7"/3"- (193) 

Lastly, we give an identity that transforms the three-dimensional quan- 
tum metric from a vectorial basis into a spinorial one (see also the discussion 
in Sec. [5]): 

9AB{o-'^)al3{cr^)-(S = —(f'^+'^aP^^& — Q^^aS^p-f- (194) 



4.4.5 The spin matrices and a^'^ 

Definition: In complete analogy to the classical situation we define the 
two-dimensional spin matrices a'^" of g-Minkowski space by 

(^/^-)/ = {PAr\,{a^a%^. (195) 

Matrix multiplication is understood in the sense of fll75p and Pa is the an- 
tisymmetric projector of g-deformed Minkowski space. Clearly, we also have 
'conjugated' as well as 'inverse' versions of the two-dimensional spin matrices: 

{an J = (Pa)^^«a(^V^)/, 



Raising and lowering spinor indices of the spin matrices a^'^ and a^'^ is deter- 
mined by the rules in fll06p . However, if we consider 'inverse' spin matrices 
the behavior of their spinor indices follows from ([6]) and ffTOj) . 

We write down the matrices in (11951) that are not equal to zero: 
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,30 



,03 



q\ 



-q 



I " 



ix-i / -Q 

g-^ ' ' 



.+ ^ / g 



g- 



1 ' 



( J ) ' 







1/2^-1/2 / 1 

^ ^+ loo 



(197) 



The explicit form of the other variants of spin matrices are obtained most 
easily by means of the correspondences 



with 



Hi) 



V) 












a^' = 










^2^0 A 




-g C7 , 












^-2^-1 




















"AS' 








^A0> 








^oi' 



ii) 



iv) 



vi) 





^-1 












-9~^^Ao^ 








-?^^0A> 








^ABi 


„-l 




^AO = 


<^A0' 






f^OA = 


















"^AO) 








•^OA) 



(198) 



where A, B & {+, 3, -}. 
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Fundamental properties: Next, we list some fundamental features of 
the spin matrices. First of all, we have 



(PaT'"' ,uCT-^.l> = {PaT'''' = a-J, (199) 

which is a consequence of the definitions in (11951) and (11961) together with 
idempotency of projectors. In view of Pa = P+ + P- we more concretely 
have 

{P+Tpx = {P-Tpx = 0, 

(p-rpx = ^^^^ (p+rpx = o, (200) 



and 



{P.r\. a-l = cy-l {P^r\^ = 0. (201) 



The spin matrices are symmetric in their spinorial indices: 
Combining this result with 

Sa'P' S'^'f^'ap = = 0, (203) 

we find that 

{ana^e'^^ = 0, {a~jr^e^, = 0, 

{an^,e-' = 0, {^-jr'e,, = 0. (204) 

Using the quantum trace the last relations can alternatively be written as 

Tr,a'^^ = 0, Tr,(T;; = 0, Tr,a^'^ = 0, Tr,a^-J = 0. (205) 

The spin matrices are associated with spin-1 representations of Uq{su{2)). 
The symmetrizer 5* of Uq{su{2)) maps two spinors onto a space carrying a 
spin-1 representation. On this footing we have 
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i^napi^y = X^S-'^'ap, icrn,,icr;lr''' = KS^'^\,. (206) 

and 

i^n^pi^^xr' = K{p+rpx, {cr-jr'{cr'\, = x4P^r\u. (207) 

A short look at (12001) and (120 ip tells us that the conjugated spin matrices 
refer to the projector P+ and the unconjugated ones to the projector P_. In 
this respect, the identities 

P+P_ = P_P+ = 0, (208) 

imply that contracting the Lorentz indices of a conjugated spin matrix with 
those of an unconjugated one gives zero: 



{^'"Ui^ir' = 0, {crna,i^-jr' = o. (209) 



In analogy to the Euclidean case the antisymmetric tensor of g-deformed 
Minkowski space can be expressed by the projectors P+ and P_: 

e''%x = Vp'pVx'xe""''"' = q-^K{{P+Y%x - {P-Tpx). (210) 

From this formula together with the identities in fl200p it follows, at once, 
that 

e^^px^y"^ = -q-'KiiP+r%x - iP-rpx)a'^ = q-'X+a''\ 

e''%xcr'^ = -q-^K{{P+r%x - {P-r px)a'^ = -g"'A+a^\ (211) 

There is a remarkable relationship between spin matrices and their 'in- 
verse' counterparts. We found that 

{^'"U = i^n., = i^-Xa^ (212) 

and 

These identities can be checked by making use of 



^na, = c^n^s = i-^-')Z, (213) 



i^n,. = -i-^'X,^ (-^n,. = -{<y-x,- (214) 
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Formulae concerning spin matrices: Next, we would like to present 
g-analogs of some well-known relations concerning spin and Pauli matrices 
(see, for example, Refs. [41], [54], and [55]). We start with 

a^- = \-^n>"' + (215) 



a^'a^ = -\K{PAr\W^^'' + y^'^^'^t^p, (216) 

a^a-^ = -]^K{PAr\'X'V'''''^^' + y^^'^'^fT,. (217) 
Finally, the product of two spin matrices decomposes as 

- \+{PAr\'u'{PAr\'X'V'''^'v^'''cr'''^', 

^ -(p^)M-^,^,(p^)-A^,^,^M'A'^.'.' _ |.^-1^P-A 

- A+(P^)''%v'(^A)'^\'A'r7'^''^'r7^'"'a^'"'. (218) 
Taking the quantum trace of the last two relations we obtain 

Tr,(a^V'^") = ^X+iPAr\'uiPAr\'X'V'''^'v'''^' ' y^'^'^"', 
Tr,(a^-(7'^^) = h+iPAr\,,iPAr\'x'V'''^'v'''^' + ^e^""^- (219) 

The formulae for 'inverse' matrices follow from fl215l) - fl219p by applying 
the replacements in fll85p together with 

- <, - {PaY\'u' - {PaY''"',.. (220) 

Once again, the above formulae do not depend on whether we work with 
bosonic or fermionic Pauli matrices. As already remarked in the previous 
section this is due to our thoroughly chosen conventions. 
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Contracting Lorentz indices with the quantum metric one can get from 
([2I5D and mn that 

icT'')aaiaP^')^l^, r]^p = -ki £a'/3((T^)^^ - /^s E^a' (o^'')/3/3, (221) 
)(3'f3Vi^P = kiE^,f^{a^)al3 + k2Eaa'{p^)fip, (222) 



where ki = —1, k2 = — k^ = 1, k^ = A_,_^. There are also versions with 
'inverse' matrices, which we simply get by the replacements 

V,. ^ V'", ^a/3 - 

{on..' - «)""', {cy^^.' - (a;;)-^"'. (223) 

Now, we come to some very useful decomposition formulae involving spin 
matrices. First of all, we have 



+ k2E^p.{R-y^\p{a^''^ 



+ ks {ano.AR-'f'^o.pE^,^ 

+ k^ (a'^nap'iR-y'apvp.i^na'^^ (224) 



where R and R~^ respectively denote the i?-matrix of Uq{su{2)) and its 
inverse. The values of the coefficients are ki = g~^A7^, /c2 = q'^^+^, ^3 = 
—q'^X^^, ki = q^. Performing the interchanges 

a ^ a, R^ R-\ (225) 

we get a second decomposition formula from (12241) . In this case the co- 
efficients take on the values ki = — g'^A^^, k2 = — g^^A^^, k^ = q~'^\^^, 
ki = 

We can also find a variant of fl224p with one Pauli matrix being replaced 
by a conjugated one: 

(a^)„^(a^)^^ = fci Eo^pE^^r]^"' + ^2 (a'^'^)„^e^^ 
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+ h (226) 

where ki = — A^^, k2 = — A+^, = gA+^, k^ = q. Modifying the expressions 
in (12241) according to fl225p leads us to another relation with ki = — A^^, 
k2 = A;\ ks = k4 = q'^. 

The above decomposition formulae can also be written in terms of 'inverse' 
cr-matrices. In this manner, we have to perform the following substitutions 
to (12241) . (l2T9ll . and their variants obtained by fl225l) : 

R^P^,^, ^ R^'P'^^^ (R-Y^'P' ^ {R-y^'ap. (227) 
4.4.6 Additional relations for o^^ 

Again, we can define spin matrices also for the three-dimensional Euclidean 
space. For this, we use the Pauli matrices as described in Sec. 14.4.41 as well as 
the antisymmetric projector {Pa)^^ cd for the three-dimensional Euclidean 
space. We define 

^AB^^p^^AB^^^C^D^ (228) 

with {AB) G { + 3, H — , 3—, 3-f-, — h, —3, -|--t-, , 33}. All remarks concern- 
ing conjugation, taking the 'inverse' versions or raising indices and defining 
matrix multiplication remain valid as described for the Minkowski case and 
in Sec. WXM 

Comparing the resulting matrices with their corresponding Minkowski 
counterparts, we get 

^AB ^'iAB innn\ 

This results from the different normalization factors of the used projectors. 
The completeness and orthonormality relations are 

{<y-^lr^{a^%s = q-'{q' + l)K'S'^%s, 

{cr^^'UicrchY = q-\q' + l)K\PA)^''cD. (230) 
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At last, we are able to express the Pauli matrices and the spin matrices 
via the identifications 



= -q\q' + l)K'^'eBAcg''''{cj^'')c.^- (231) 

5 Converting spinorial and vectorial objects 
with the help of Pauli matrices 

After having developed the formalism of a-matrices, we are well prepared 
to show how spinorial objects can be converted into vectorial ones and vice 
versa. Due to its importance we give a detailed description of the subject. 

The metric: Let us start with conversion formulae for the quantum 
metric. Taking the quantum metric of g-deformed Minkowski space as it was 
given in (ITHj) and (!79|) we have to use the following formulae to get objects 
with Lorentz indices: 

V,. = C^.Mki) i^^T^ V'" = {^"h C^''^^''^ {crn-ki. (232) 

The reverse formulae are 

c^mm = i^'h V,. i^n-M, = {a;'f v'"" (233) 

Analogous formulae hold if we start from 

Ci^m = -<fe,e{Br'Y'^^i,i, C^^^"^ = -q-'e^ B}\jJ\ (234) 

and use Pauli matrices without a bar. 

Notice that formulae (12321) and fl233p carry over to the Euclidean case 
if we substitute Pauli matrices with a bar by those with a tilde. In the 
case of the Euclidean space, however, the two types of Pauli matrices can be 
identified (see also SecE]), so it does not matter which type of Pauli matrices 
we work with. 

The above reasonings show a pattern that is valid for general conversion 
processes: the Pauli matrices {(J^)ij and {(T^)ij convert a lower Lorentz index 
/i into two lower spinor indices, i.e. (zj) and (r/), respectively [cf. f l233p ]. or 
they convert two upper spinor indices [ij) or {ij) into an upper Lorentz index 
/i [cf. f l232p ]. The 'inverse' matrices behave the other way round. 
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The i?-matrix and its projectors: From the explanations so far it 
should be clear how to convert the i?-matrix and its projectors from a spinor 
basis into a vectorial one and vice verse. So we only give an example: 

B^^^"^ i^'r)ik'n = ia;jHa-'fR>^%xia%-,,ia'),,j,. (235) 

The conversion formulae for the projectors are of the same form, i.e. in the 
above formulae one is allowed to replace the i?-matrix with the projector 
under consideration. The formulae apply to the four- dimensional Euclidean 
space as well. 

The epsilon tensor: The formulae are 



/^-p^ = g-2(a'^).,(a^) ..£(-)0-J^)('=^)(")(^p)^-(^A^ 



and similar ones with conjugated Pauli matrices. Notice that the normal- 
ization factors were introduced to be consistent with the epsilon tensor from 
our former paper [53]. Its non- vanishing components are listed in App.lAi 
In the case of the four-dimensional Euclidean space the same formulae hold, 
but with setting the prefactors equal to one. 

Formulae for converting special tensors: First of all, let us recall 
that tensors with two spinor indices can be decomposed into an antisymmet- 
ric and a symmetric part, i.e. 

rpalB _ rp[al3] _|_ rp{al3) _ _y^^^Cil3rp _|_ rp{aP) (237) 

with 

T = e„//3'T"'^', T^"'^) = S'^^c.'p'T'''^' . (238) 

These relations are a direct consequence of fl35l) and fl36|) . 

Next, we consider a tensor with two dotted and two undotted spinor 
indices. Its decomposition into irreducible constituents reads as 

X'-P^P = A;2£"/3e"^x + A^^e^^X^"'^) + A; V'^X^"^) + , (239) 

with 
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viaP) . cap ya'f3'a'0' 
XM)(°/3) = 5a/3^,^,5a/3.^^^^a'/3'a'/3'_ (240) 

Notice that the tensors in (I240p correspond to the representations (0,0), 
(1,0), (0,1), and (1,1). 

For a tensor transforming according to the representation (1, 0) © (0, 1) 
(hke the field-strength tensor in electrodynamics) we have 

= Km + f^o'iV (241) 

with 

/(To) = k {anapF-', f^o,i) = k {<yn.pF-'- (242) 

The inverse spin matrices project out the constituents referring to the repre- 
sentations (1,0) and (0,1) [cf. 



F^^ = ki{a-l)'^'^F>'\ F"^ = kiia-lY^F^'r (243) 

The relations in (12421) are consistent with those in (12431) iff the constants 
satisfy the condition kki = kki = A^^. These reasonings hold for both 
four-dimensional spaces. 
Realizing that 



Iaf3 — J a/SyO )a'a"^ [.O jpiipi-, 



one can also show that 



S^''\p{crna'a"e''"'"{^np''p. (244) 



/(%) = -Hcrn.a'e'^'-"{^n^.,F-^ 

/(M) = A;(a'^)«^.£"'""(r)^";3F"^ (245) 

The inversions of these identities are 

^'^^ = -A:i(^,^)"^'^^'/."(-;^)^"^/S:o), 

F"/^ = A:i(a;^)"/^'.,,,„(^;^)'^"^/(Ii). (246) 

The identities (124111246]) hold for the four-dimensional Euclidean space, too, 
but with neglecting the minus sign in (124411246]) . 
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It is rather instructive to examine the irreducible constituents of an arbi- 
trary tensor with two contravariant Lorentz indices. To this end we use the 
Fierz identity (12241) . The fci-part of (12241) projects onto a one-dimensional 
space. It carries the representation (0, 0) and refers to the quantum metric. 
A tensor T'^'^ that transforms like a scalar satisfies T'^'^ = {PqY'^ ^I'v'T^ ^ . 
With the fci-part of (I224p we find for its spinorial equivalent: 

= fc^e"/5'^"/3^,^,e"'/3T, T = r^^^T'^^ (247) 

The field-strength tensor being subject to F^^ = {Pa}^" ^'v'F^^'"' possesses as 
spinor equivalent 

p^^PP = fc2e"^'^"^/3'<i'F"'^ + k3F"^'R''%,^,e'^'^, (248) 

where the two summands again correspond to the representations (1, 0) and 
(0,1). Finally, we consider a symmetric tensor with S^'^ = (Ps)^'^ ti'u'S^ " . 
Its spinor equivalent becomes 

S--f^P = hia^^r^'iR-'r^p^^ia-lf^vP^S^-'. (249) 

The expressions in (12471) - (I249p hold for g-deformed Minkowski space. If 
we deal with four- dimensional g-deformed Euclidean space we have to start 
our considerations from the Fierz identity (I139P and drop all /2-matrices from 
our results. More concretely, we simply apply the following substitutions to 
the results in fl2Tn)- fl2l9|) : 

R'^'p'a' ^ 524„ {R-'r^fS^a' 5i,b%. (250) 

We conclude this section with an expression for the kinetic term of elec- 
trodynamics. This requires to know the identities 

'^ii^'^vv'{sy^^)ap{Sy^" )a'/3' = —Q^afB'^Pa' " (l~^£aa"R" ^ I3cx' ^ 13" 13' , 

= —q^^Eap'^fSa' — <i^aa"{.R~^Y ^ I3a'£f3"l3'- (251) 

Notice that these equalities remain valid if we substitute the spin matrices on 
the left-hand side by their 'conjugated' counterparts. Moreover, if we apply 
the substitutions (12270 to the expressions in (I25ip we obtain the correspond- 
ing identities in terms of inverse spin matrices. Notice that Eq. (125 ip also 
holds for the four- dimensional Euclidean space without any changes. 
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Finally, fl25ip enables us to express the kinetic term of electrodynamics 
in a spinorial basis: 

= - 2g(£ . + (252) 



6 Fierz identities for four-dimensional Q'-defor- 
med spaces 

Fierz identities are rules that enable us to reorder spinors in a product of 
two bilinear forms. There are plenty of them, but we concentrate on q- 
analogs of the Fierz identities given in Ref. [42]. The main purpose within 
this section is to show that it is possible to write down g-deformed analogs of 
the most important Fierz identities. Once again, our reasonings refer to the 
four-dimensional g-deformed Euclidean space and the g-deformed Minkowski 
space. 

Calculating g-deformed Fierz identities enforces us to fix commutation 
relations between different sets of spinor components. Let us say a few words 
about this matter. Each Fierz identity comprises four types of spinors which 
we shall denote by 6\ 0', 77', and x*- The bilinear forms the Fierz identities 
are made of contain one conjugated and one unconjugated spinor. Thus, we 
additionally have to take account of the conjugated spinors 9\ 0*, fi\ and x*- 
(In the Euchdean case the role of the conjugated spinors is played by those 
with a tilde.) 

Now, we come to a consistent choice of commutation relations between 
the different spinors. At first, components of the same spinor have to satisfy 
the usual quantum plane relations. If we deal with symmetrized spinors we 
have, for example, 

= qff]\ e^e^ = qO'^eK (253) 

In the case of antisymmetrized spinors, however, the commutation relations 
instead become 

f^^f = -g-i ff]\ e^e^ = -g-i e^e^. (254) 
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We see that these relations are the same for conjugated and unconjugated 
spinors. 

Next, we have to specify the commutation relations between components 
of different spinors. We first discuss the situation for g-Lorentz symme- 
try. For the relations between conjugated spinor components and unconju- 
gated ones we choose the braiding relation fH^ . if we deal with symmetrized 
spinors. In this manner we have, for example, 

re" = qR%,e'^'r\ (255) 

It is reasonable to assume that this braiding extends to all combinations of 
conjugated and unconjugated spinors, i.e., for example, 

= qFeJ^.,r,"'r'. (256) 

It remains to determine the relations between two different spinors that 
are both either unconjugated or conjugated. We have four options to fix 
these relations. They can be represented as 

Rl : ^77^ = g^;f„,r/'^'r', rf = qkf^.fr'; 

R2 : rr^^ = qR^^v"' 6^', ^r^^ = q-\R-'f^^,fr'- 

R3 : rr^^ = q-\R-%t'f ^ ^""f = (lR%,f'^"'; 



R4 : = q-'iR-X^'V^'O"-', O^f = q-\R-')Z,f' r' . (257) 



If we consider antisymmetrized spinors the braiding between conjugated 
and unconjugated spinors should be governed by fl50l) . i.e. 

re" = -q-^RfjP'e^\ rr/^ = -q-^Rf^,^"'r^ (258) 

and the four options in fl257p modify to 

Rl : = _g-i^^f^,/'^-', e^'f = -q-^Rf^,fe'''- 
R2 : = -q~'k;lfe-\ rf = -q{R~')%,fr'-. 

R3 : = -g(i?-i)^f^,/^-', = -q-^iej!^,f'r'] 

R4 : = -g(i?-i);f^,/r', = -q^k-^^^^fr'. (259) 
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To sum up, different spinors are braided if we lay down g-deformed 
Lorentz symmetry as space-time symmetry. In the case of f/g(so(4)), liow- 
ever, tilings simplify drastically, since the different spinors are no longer 
braided. Thus, all i?-matrices and g's in (12551) - fl259p have to vanish for that 
case [cf. Eq. fl250|l ]. 

We wish to proceed in this section as follows. First, we present the q- 
analog to a Fierz rearrangement rule of Ref. [42]. It is written down in its 
most general form and depends on several undetermined coefficients. These 
formulae hold for both g-deformed Minkowski space and four- dimensional 
g-deformed Euclidean space, if we insert the i?-matrix and the projectors of 
the quantum space under consideration. After each Fierz identity we give 
different specifications of its coefficients. These specifications correspond to 
the following choices: Do we have bosonic or fermionic spinors, conjugated 
or unconjugated matrices, and which of the four different possibilities in 
(12571) is used? In this way we get for both four- dimensional quantum spaces 
and each Fierz identity sixteen possible specifications of the corresponding 
coefficients. A further degeneracy comes from the fact that in some formulae 
we can replace the i?-matrix (of the quantum space under consideration) by 
their inverse. We ignore this possibility for lack of space. 

Before starting with our listing we collect the definitions of the different 
bilinear forms in spinor space: 



^0 = 

























Notice that in the Euclidean case the objects with bar have to be replaced 
by those with tilde. It should also be mentioned that the Pauli matrices have 
been defined in such a way that 

Oa^"^ = ±^af'e, (261) 

where the minus sign holds for antisymmetrized spinors. Moreover, if we 
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assume that 

^"0^ = A;i?;^f„,0^'^"', ^4)^ = (262) 
where k denotes a real constant, we have 

ecj) = -kq-^(f)e, 6(1) = -kq-^^e, 

ea^"'<f) = kg (Pa^^'e, Oa^"^ = kg ^a^^'d. (263) 

To prove these identities we first contract the braiding relations in (12621) with 
the spinor metric or the spin matrices and then make use of 

Finally, let us note that starting in (I262p from braiding relations with 
would yield expressions with g and g^^ being interchanged. 

Now, we begin with the simplest Fierz identity whose undeformed coun- 
terpart is called 'identity (A. 4)' in Ref. [42]. It takes the general form 

{ect>){xn) = h il^.{ea,r]){xa''(j)). (265) 

The values for the coefficient ki are specified in the following manner: 



Euclid 


Rl 


R2 


R3 


R4 


bos-uncon 


1 


1 


1 


1 


bos-con 


1 


1 


1 


1 


ferm-uncon 




-q" 




-q' 


ferm-con 






-q' 


-q' 




Mink 


Rl 


R2 


R3 


R4 


bos-uncon 






_g-3 


_g-3 


bos-con 








_g3 


ferm-uncon 


q-' 






q-' 


ferm-con 


q 


q 


q,-3 


g ^ 



The terminus 'uncon' refers to the expression as it stands in (12651) . whereas 
the terminus 'con' is understood to mean the following replacements applied 
to the Fierz identity: 
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a^"" ^ a" (266) 

Identity (A.3) in Ref. [42]: 

(^0)(xr?) = h {9v)ix^) + h ri,xV,K{9a^''v)iX'^^^^)- (267) 
Table for ki. 



Euclid 


Rl 


R2 


R3 


R4 


bos-uncon 




q-'K' 


q'K' 


q'K' 


l)os-con 




q'K'- 


q-'K' 


q'K' 


ferm-uncon 




-q-'K' 




-qK' 


ferm-con 




-qK' 


-g-^A- 


-qK' 



Mink 


Rl 


R2 


R3 


R4 


bos-uncon 


q-'K' 


q-'K' 


q'K' 


q'X-+' 


bos-con 


g^A- 


g-^A- 


q-'X+' 


g^A- 


ferm-uncon 


-q'K' 


-q'K' 


-q-'K' 


-g-^A- 


ferm-con 


-q'X-^' 


-q-'X-^' 


-q'X-^' 


-q-'X-^' 



Table for 



Euclid 


Rl 


R2 


R3 


R4 


bos-uncon 


q-'K' 


r^A- 


q'X-^' 


g^A;^ 


bos-con 


q-'K' 


g^A- 


q-'X^' 


g^A;^ 


ferm-uncon 


-q-'K' 


-r^A- 


-qX^' 


-gA;^ 


ferm-con 


-q-'X-^' 


-qX^' 


-q-%' 


-gA;^ 




Mink 


Rl 


R2 


R3 


R4 


bos-uncon 


g-^A- 


g-^A- 


q'X-^' 


g^A- 


bos-con 


g^A- 


g-^A- 


q-'X-^' 


g^A- 


ferm-uncon 


-g^A- 


-g-^A^ 


-q'X-^' 


-g-^A^ 


ferm-con 


-q'X+' 


-q'X^' 


-q'X-^' 


-g^A;^ 



Identity (A.5) in Ref. [42]: 

m{x<y^r]) = fci {ea'^r]){x<t^) + rip,{ea%{x^''y). (268) 
Table for ki. 
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Euclid 


Rl 


R2 


R3 


R4 


bos-uncon 






a;^ 


a;^ 


bos-con 




a;^ 


a;^ 


a;^ 


ferm-uncon 




-q'K' 


-g-^A- 


-q^-'K 


ferm-con 




-q-''K 


-q'K 


-q--'K 




Mink 


Rl 


R2 


R3 


R4 


bos-uncon 




q~'K' 


q-'K' 


q-'K' 


bos-con 




q'K 


q'K 


q'K 


ferm-uncon 




-q'K 


-q-'K 


-q-'K 


ferm-con 


-q-'K 


-q'K' 


-q'K 


-r^A- 



Table for 



Euclid 


Rl 


R2 


R3 


R4 


bos-uncon 






-q' 


-q' 


bos-con 




-q' 


-q-' 




ferm-uncon 


1 


1 


1 


1 


ferm-con 


1 


1 


1 


1 




Mink 


Rl 


R2 


R3 


R4 


bos-uncon 


_g-5 








bos-con 




q 




q 


feiiii-uncon 


q 




<1 




ferm-con 


-q-' 









Identity (A.6) in Ref. [42]: 

mix^^il) = h {Ov){x^''<P) + k2 Vup{Oa'^''v)ix^'<P)- (269) 
Table for ki. 



Euclid 


Rl 


R2 


R3 


Rl 


bos-uncon 


q-'K' 


q-'K' 


q'K' 


q'K' 


bos-con 


q-'K' 


q'K' 


q-'K' 


q'K' 


ferm-uncon 


-q-'K' 


-q-'K' 


-qK' 


-qK' 


ferm-con 


-q~%' 


-qK' 


-q-%' 


-qK' 
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Mink 


Rl 


R2 


R3 


R4 


bos-uncon 




q-'K' 


q'K' 


q'K' 


bos-con 






q-'X^' 


q'X^' 


ferm-uncon 






-qK' 


-qK' 


ferm-con 


-qK' 


-qK' 


-qK' 


-qK' 



Table for 



Euclid 


Rl 


R2 


R3 


R4 


bos-uncon 






-q 


-q 


bos-con 




-q 


-q 


1 


-q 


ferm-uncon 


q 


q 


q-' 


q-' 


ferm-con 


q 


q-' 


q 


q-' 




Mink 


Rl 


R2 


R3 


R4 


bos-uncon 






-q 


-q 


bos-con 


q 


q-' 


q-' 


q 


ferm-uncon 


q 


q 


q-' 


q-' 


ferm-con 




-q 


-q 







Identity (A.7) in Ref. [42]: 

+ k,e>^^-\xpV.p{0^%{x^^4>)- (270) 

Table for ki. 



Euclid 


Rl 


R2 


R3 


R4 


bos-uncon 


q-' - 1/2 


gV2 


- 1/2 


gV2 


bos-con 


_ 1/2 


- 1/2 


?V2 


gV2 


ferm-uncon 


- 1 


-1/2 


q^/2 1 


-1/2 


ferm-con 


gV2 - 1 


- 1 


-1/2 


-1/2 
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Mink 


Rl 


R2 


R3 


R4 


bos-uncon 


- 1/2 


g-V2 


q' - 1/2 


g-V2 


bos-con 


- 1/2 


q-^/2 


g2 - 1/2 


g2 _ 1/2 


ferm-uncon 


-{2-q-^)/2 


-1/2 


-1/2 


-(2-g-^)/2 


ferm-con 


-1/2 


-(2 -a/2 


-(2-rt/2 


-(2-g-2)/2 



Table for 



Euclid 


Rl 


R2 


R3 


R4 


bos-uncon 


q-^/2 


q/2 


rV2 


q/2 


bos-con 


g-72 


rV2 


q/2 


q/2 


ferm-uncon 


-q/2 


-g-V2 


-q/2 


-q'^/2 


ferm-con 


-q/2 


-g/2 


-q-^/2 


-g-V2 



Mink 


Rl 


R2 


R3 


R4 


bos-uncon 


gV2 


1/2 


gV2 


1/2 


bos-con 


gV2 


1/2 


gV2 


9V2 


ferm-uncon 


-1/2 


e/2 


gV2 


-1/2 


ferm-con 


-gV2 


-1/2 


-1/2 


-1/2 



Table for k^: 



Euclid 


Rl 


R2 


R3 


R4 


bos-uncon 


-g-V2 


-1/2 


-rV2 


-1/2 


bos-con 


-q-^/2 


-g-V2 


-1/2 


-1/2 


ferm-uncon 


1/2 


rV2 


1/2 


g-V2 


ferm-con 


1/2 


1/2 


q-^/2 


rV2 



Mink 


Rl 


R2 


R3 


R4 


bos-uncon 


q^/2 


-1/2 




-1/2 


bos-con 


g-V2 


-1/2 


-?V2 


-q^/q 


ferm-uncon 


1/2 


?V2 


gV2 


1/2 


ferm-con 


e/2 


1/2 


1/2 


1/2 



Table for k/^. 
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Euclid 


Rl 


R2 


R3 


R4 


bos-uncon 




g-V2 


q-^/2 


q-^/2 


bos-con 


-g-V2 


-g-V2 


-q-^/2 


-q-^/2 


ferm-uncon 


-g-V2 




-q-^/2 


-q-^/2 


ferm-con 


g-72 


q-^/2 


q-^/2 


q-3/2 



Mink 


Rl 


R2 


R3 


R4 


bos-uncon 


-gV2 


-q/2 


-gV2 


-q/2 


bos-con 


q/2 


q/2 


gV2 


q^/2 


ferm-uncon 


q/2 


gV2 


gV2 


q/2 


ferm-con 


-gV2 


-gV2 


-9/2 


-q/2 



Identity (A.8) in Ref. [42]: 

+ kiR^\'.'Vxp{eai''\){x^'"''4>)- (271) 

Table for ki. 



Euclid 


Rl 


R2 


R3 


R4 


bos-uncon 










bos-con 










ferm-uncon 




-q-'K' 


-q'K' 


-q-'K 


ferm-con 




-q'K' 


-q-'K' 


-q-'\X' 




Mink 


Rl 


R2 


R3 


R4 


bos-uncon 




-q'K 


-q'K' 


-q'K 


bos-con 




-q-'K 


-q-'K 


-q-'K 


ferm-uncon 


q-'K 


qK 


qK 


q-'K 


ferm-con 


q'K 


q'K 


q-'K 


q-'K 



Table for k^. 



Euclid 


Rl 


R2 


R3 


Rl 


bos-uncon 










bos-con 




K' 


K' 


K' 


ferm-uncon 


-q'K 


-q-'K' 


-q'K 


-q-'K 


ferm-con 


-q'K' 


-q'X-+' 


-q-'K' 


-q-'K' 
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Mink 


Rl 


R2 


R3 


R4 


bos-uncon 








-g^Ar 


bos-con 




r^A- 


r^A- 


r^A- 


ferm-uncon 








?^A- 


ferm-con 


-?^a;^ 


—q 


-q-'X-^' 


-r^A;^ 



Table for /C3: 



Euclid 


Rl 


R2 


R3 


R4 


bos-uncon 




-q'K 


—q 


—q 


bos-con 


-q-'K' 


-q-'K' 


-q'K' 


-q'K' 


ferm-uncon 


K' 








ferm-con 











Mink 


Rl 


R2 


R3 


R4 


bos-uncon 


-q'K' 


-qK' 


-qK' 


—q 


bos-con 


q-'K' 


q-'K' 


q-'K' 


q-'K' 


ferm-uncon 


q-'K' 


q-'K' 


q-'K' 


q-'K' 


ferm-con 


-qK' 


-qK' 


-qK' 


-qK' 



Table for : 



Euclid 


Rl 


R2 


R3 


R4 


bos-uncon 


-q-' 


-q 


-q~' 


-q 


bos-con 




-q~' 


-q 


-q 


ferm-uncon 


q-' 


q-' 


q-' 


q-' 


ferm-con 


q-' 


q-' 


q-' 


q-' 




Mink 


Rl 


R2 


R3 


R4 


bos-uncon 


-q' 


-q' 




-q' 


bos-con 




-q 


-q 




ferm-uncon 


q 


q 


q 


q 


ferm-con 


q3 


q3 


q3 


q3 



Identity (A.9) in Rcf. [42]: 
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+ hR^%,,,rjx,{ea^^''rj)ixa^'''<f>). (272) 

Table for ki. 



Euclid 


Rl 


R2 


R3 


R4 


bos-uncon 




q-'K' 


q'K' 


q'K' 


bos-con 




q'K' 


q-'X-^' 


q'K' 


fciiii-uiicou 


-q-'K' 


-q-'K' 




-qK' 


ferm-con 




-qK' 


-g-^A- 


-qK' 




Mink 


Rl 


R2 


R3 


R4 


bos-uncon 


q-'K' 


q-'K' 


q'K' 


q'K' 


bos-con 


q'K' 


q-'K' 


q'K' 


r'^A- 


ferm-uncon 




-?-^A- 


q-'X^' 


?-^A- 


ferm-con 


-qK' 


-q-'K' 


-qK' 


-r^Ar 



Table for 



Euclid 


Rl 


R2 


R3 


R4 


bos-uncon 


qK' 


qK' 


q-'K' 


q-'K' 


bos-con 




q-'K' 


qK' 


q-'K' 


ferm-uncon 


-q'K' 


-q'K' 


-r^A- 


-q-'K' 


ferm-con 


-q'K' 


-g-^Ar 


-q'K' 


-q-'K' 



Mink 


Rl 


R2 


R3 


R4 


bos-uncon 


q-'K' 






g^U- 


bos-con 


q'K' 




g^A- 


g-U- 


ferm-uncon 


-q'K' 




-g-^A- 


-q-'X-^' 


ferm-con 


-q-'X-^' 


-q'X-^' 


-q-'X-^' 


-g^A;^ 



Table for 



Euclid 


Rl 


R2 


R3 


Rl 


bos-uncon 


-g-^A- 


-g-U- 


-qX+' 


-qX+' 


bos-con 


-g-A- 




-g-A- 




ferm-uncon 


a;^ 


a;^ 


g-^A- 


g-^A- 


ferm-con 


a;^ 


q-'X-^' 


a;^ 


g-^A;^ 
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Mink 


Rl 


R2 


R3 


R4 


bos-uncon 






-q'K' 


-q'K' 


bos-con 






q'K' 


q-'K' 


ferm-uncon 




q'K' 


K' 


K' 


ferm-con 




-q'K' 







Table for k^. 



Euclid 


Rl 


R2 


R3 


R4 


bos-uncon 


qK' 


qK' 


q'K' 


q'K' 


bos-con 


qK' 


q'Xl' 


qK' 


q'Xl' 


ferm-uncon 


-q'X+' 


-q'K' 


-qK' 


-qK' 


ferm-con 


-q'K' 


-qK' 


-q'x:,' 


-qK' 



Mink 


Rl 


R2 


R3 


R4 


bos-uncon 


q-'K' 


q-'X-^' 


q'X-^' 


g^A- 


bos-con 


-q'X-^' 


-g-^A- 


-q'X^' 


-r^A- 


ferm-uncon 






-q-'X^' 


-q-'X^' 


ferm-con 




a;^ 


a;^ 


g-^Ar 



Identity (A. 10) in Ref. [42]: 

+ k2e''''''^Vxpr}.AQa%{x^'''ct>). (273) 



Table for kr. 



Euclid 


Rl 


R2 


R3 


R4 


bos-uncon 




-g-^A+/2 


-g^A+/2 


-q-''X+/2 


bos-con 




-g'A+/2 


-q-'X^/2 


-q-^K/2 


ferm-uncon 


A+/2 


A+/2 


A+/2 


A+/2 


ferm-con 


A+/2 


A+/2 


A+/2 


A+/2 




Mink 


Rl 


R2 


R3 


Rl 


bos-uncon 




-q-'X+/2 


q-'Xj2 


-q-'>K/2 


bos-con 




-q-'K/2 


-q-'X+/2 


-q-'X+/2 


ferm-uncon 


g/2A+ 


g/2A+ 


g/2A+ 


g/2A+ 


ferm-con 


-g-U;V2 


-g-U;V2 


-g-U;V2 


-g-U;V2 
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Table for k2 : 



Euclid 


Rl 


R2 


R3 


R4 


bos-uncon 


-1/2 


-rV2 


-1/2 


-g-V2 


bos-con 


1/2 


1/2 


g-V2 


g-V2 


ferm-uncon 


g-V2 


g-V2 


rV2 


g-72 


ferm-con 


-g-V2 


-g-V2 


-g-V2 


-rV2 



Mink 


Rl 


R2 


R3 


R4 


bos-uncon 


q/2 


g-V2 


q/2 


q-y2 


bos-con 


q/2 


g-V2 


q/2 


q-y2 


ferm-uncon 


-gV2 


-gV2 


-gV2 


-q^/2 


ferm-con 


-q/2 


-g/2 


-g/2 


-q/2 



Identity (A.ll) in Ref. [42]: 

+ A;4£'^^''%ar?,^(^(7"r?)(x(7^V)- (274) 

Table for ki. 



Euclid 


Rl 


R2 


R3 


R4 


bos-uncon 


1/2 


1/2 


1/2 


1/2 


bos-con 


1/2 


1/2 


1/2 


1/2 


ferm-uncon 


-gV2 


-gV2 


-g-72 


-g-72 


ferm-con 


-e/2 


-g-V2 


-q^/2 


-5-72 




Mink 


Rl 


R2 


R3 


R4 


bos-uucoii 






y-72 


g-72 


bos-con 


-gV2 


-gV2 


-g72 


-q^/2 


ferm-uncon 


-gV2 


-gV2 


-g-72 


-g-72 


ferm-con 


q^/2 


q/2 


q/2 


q^/2 



Table for A;2: 
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Euclid 


Rl 


R2 


R3 


R4 


bos-uncon 


-q-'K/2 




-g'A+/2 


-q^K/2 


bos-con 




-q^K/2 


-q-^K/2 


-q'Kl2 


ferm-uncon 


A+/2 


A+/2 


A+/2 


A+/2 


ferm-con 


A+/2 


A+/2 


A+/2 


A+/2 




Mink 


Rl 


R2 


R3 


R4 


bos-uncon 


-g-^A+/2 


-g-^A+/2 


g-^A+/2 


g-^A+/2 


bos-con 


-g'A+/2 


-9A+/2 


-9A+/2 


-g'A+/2 


ferm-uncon 


gA+/2 


9A+/2 


gA+/2 


9A+/2 


ferm-con 


q-'K/2 


g-U+/2 


g-U+/2 


g-U+/2 



Table for k^: 



Euclid 


Rl 


R2 


R3 


R4 


bos-uncon 


-g-^A;V2 


-g-^A;V2 


-g-^A;V2 


-g-^A;V2 


bos-con 


r'A;V2 


g-^A;72 


g-^A;V2 


g-^A;72 


ferm-uncon 


a;V2 


A-/2 


g-^A;V2 


g-n;V2 


ferm-con 


-a;V2 


-g-"A;V2 


-a;V2 


-g-^A;V2 



Mink 


Rl 


R2 


R3 


R4 


bos-uncon 


q-'K'l2 


r^A+V2 


r^A;V2 


g-^A+V2 


bos-con 




g^A;V2 


g^A;V2 


g^A;V2 


ferm-uncon 


-?^a;V2 


?^a;V2 


-?a;V2 


-?a;V2 


ferm-con 


-g-^A;V2 


?^a;V2 


?^a;V2 


-r^A;V2 



Table for 



Euclid 


Rl 


R2 


R3 


R4 


bos-uncon 


q-y2 


g-V2 


1/2 


1/2 


bos-con 


-g-V2 


-1/2 


-g-V2 


-1/2 


ferm-uncon 


-q-/2 


-g-72 


-g-72 


-g-72 


ferm-con 


rV2 


rV2 


rV2 


rV2 
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Mink 


Rl 


R2 


R3 


R4 


bos-uncon 




-g-V2 


-q/2 


-q/2 


bos-con 


g72 


gV2 


q'/2 


g72 


ferm-uncon 


gV2 


gV2 


gV2 


g72 


ferm-con 


-q/2 


-q/2 


-g/2 


-g/2 



Identity (A.12) in Ref. [42]: 

+ k2 {PAr%'u'R'''\"X"{ea^''''"r}){xa^"(P) 

+ h e^-''^R'''\.^,ri,,,ri,pi9a^'''"ri){xa^'cf>). (275) 

Table for h: 



Euclid 


Rl 


R2 


R3 


R4 


bos-uncon 


/ 


/ 


-q/2 


-q/2 


bos-con 


/ 


-q/2 


/ 


-q/2 


ferm-uncon 


/ 


/ 


g-72 


g-72 


ferm-con 


/ 


q/2 


/ 


q/2 



Mink 


Rl 


R2 


R3 


R4 


bos-uncon 


-g-72 


-g-72 


/ 


/ 


bos-con 


g-72 


g-72 


/ 


/ 


ferm-uncon 


q/2 


q/2 


/ 


/ 


forni-coii 


/ 




-^72 


/ 



Table for 



Euclid 


Rl 


R2 


R3 


R4 


bos-uncon 


/ 


/ 


r^A;72 


g-^A;72 


bos-con 


/ 


-g-U;72 


/ 


-g-U7/2 


ferm-uncon 


/ 


/ 


-r^A;72 


-g-^^A7/2 


ferm-con 


/ 


r^A;72 


/ 


r^A;72 
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Mink 


Rl 


R2 


R3 


R4 


bos-uncon 




-gA;72 


/ 


/ 


bos-con 


-gA;V2 


-gA;V2 


/ 


/ 


ferm-uncon 




g^A;V2 


/ 


/ 


ferm-con 


/ 


g^A;V2 


g^A;V2 


/ 



Table for k^: 



Euclid 


Rl 


R2 


R3 


R4 


bos-uncon 


/ 


/ 


A+/2 


A+/2 


bos-con 


/ 


A+/2 


/ 


A+/2 


ferm-uncon 


/ 


/ 




-g-2A+/2 


ferm-con 


/ 


A+/2 


1 


A+/2 



Mink 


Rl 


R2 


R3 


R4 


bos-uncon 


-gA+/2 


-9A+/2 


/ 


/ 


bos-con 


?A+/2 


gA+/2 


/ 


/ 


ferm-uncon 


-g^A+/2 


-g^A+/2 


/ 


/ 


ferm-con 


/ 


g^A+/2 


g^A+/2 


/ 



Table for k^: 



Euclid 


Rl 


R2 


R3 


Rl 


bos-uncon 


/ 


/ 


-g-V2 


-g-V2 


bos-con 


/ 


g-V2 


/ 


g-V2 


ferm-uncon 


/ 


/ 




g-V2 


ferm-con 


/ 


rV2 


/ 


r72 



Mink 


Rl 


R2 


R3 


R4 


bos-uncon 


g72 


g72 


/ 


/ 


bos-con 


g72 


g72 


/ 


/ 


ferm-uncon 


-g72 


-g72 


/ 


/ 


ferm-con 


/ 


q>l2 


g72 


/ 



Identity (A. 13) in Ref. [42]: 

{Qa^^4>){x^^^r]) = k^ {PAr\'.'{PAr\'yR'''^\'W''''v''''^'VpAOa%{xa'''cl>) 
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+ ^3 {PAr\'uiPAY\'X'R'''^\'W^'\Oa^''n)m>^'(t>) 

+ he'''^'P{PAr%'u'VpAOa^'v){x<^U)- (276) 

Table for ki. 



Euclid 


Rl 


R2 


R3 


R4 


bos-uncon 


-g-V2 




-g-V2 


-q-^/2 


bos-con 


-g-V2 




-q-y2 


-g-V2 


ferm-uncon 


q-y2 


q-y2 


q-^/2 


g-V2 


ferm-con 


q-y2 


q-y2 




rV2 



Mink 


Rl 


R2 


R3 


R4 


bos-uncon 


-q-'/2 


-?V2 


-?V2 


-gV2-rV2 


bos-con 


-gV2 


-gV2 


-gV2 


-gV2 


ferm-uncon 


gV2 


gV2 


gV2 


gV2 


ferm-con 


g-72 


g-72 


?V2 


gV2 



Table for k^. 



Euclid 


Rl 


R2 


R3 


R4 


bos-uncon 


VA+/2 


-g-2A+/2 


-g'A+/2 


-g-2A+/2 


bos-con 


-q^K/2 


-g'A+/2 


-q-'K/2 


-g-'A+/2 


ferm-uncon 


A+/2 


A+/2 


A+/2 


A+/2 


ferm-con 


A+/2 


A+/2 


A+/2 


A+/2 




Mink 


Rl 


R2 


R3 


R4 


bos-uncon 


-g^A+/2 


-A+/2 


-A+/2 


-gn+/2 


bos-con 


-q^K/2 


-q^K/2 


-q'K/2 


^q^K/2 


ferm-uncon 


q^K/2 


q^K/2 


q^K/2 


q^K/2 


ferm-con 


A+/2 


A+/2 


A+/2 


A+/2 



Table for k^: 
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Euclid 


Rl 


R2 


R3 


R4 


bos-uncon 


A+/2 




A+/2 


q-'K/2 


bos-con 


A+/2 


A+/2 


q-'K/2 


q-'K/2 


ferm-uncon 


-q-'Kl2 




-q-'K/2 


-q-'K/2 


ferm-con 




-q-'K/2 


-q-'K/2 


-q-'K/2 



Mink 


Rl 


R2 


R3 


R4 


bos-uncon 


q-\+l2 


q'Kl2 


q'K/2 


q--'K/2 


bos-con 




q'K/2 


q'Kl2 


q'K/2 


ferm-uncon 


-q'K/2 


-q'K/2 


-q'Kl2 


-q'K/2 


ferm-con 


-q'K/2 


-q^X^/2 


-q'Kl2 


-q'K/2 



Table for k4^: 



Euclid 


Rl 


R2 


R3 


R4 


bos-uncon 


A+/4 


g-^A+/4 


A+/4 


q'-X^/A 


bos-con 


-A+/4 


-A+/4 


-g-n+/4 


-q-'X^lA 


ferm-uncon 


-q-'K/A 


-q-'KiA 


-q-'K/A 


-q-'X^/A 


ferm-con 


q-'K/A 


q-^X^/A 


q-^X^/A 


q-^X^/A 



Mink 


Rl 


R2 


R3 


R4 


bos-uncon 


q-^X^/A 


-gA+/4 


-gA+/4 




bos-con 


g'A+/4 


q^X+/A 


q^X^/A 


q'X+/A 


ferm-uncon 


q'X^/A 


q'X^/A 


q'X^/A 


q^X^/A 


ferm-con 


-qX+/A 


-qX+lA 


-qX+/A 


-qX+/A 



Table for k^: 



Euclid 


Rl 


R2 


R3 


R4 


bos-uncon 


A+/4 


?-'A+/4 


A+/4 


g-^A+/4 


bos-con 


-A+/4 


-A+/4 


-g-^A+/4 




ferm-uncon 


-g-^A+/4 


-g-^A+/4 


-g-^A+/4 


-q-'X^/A 


ferm-con 


-gA+/4 


-gA+/4 


-gA+/4 


-qX+/A 
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Mink 


Rl 


R2 


R3 


R4 


bos-uncon 


g-3A+/4 


-gA+/4 


-gA+/4 


g-'A+/4 


bos-con 




g3A+/4 


g'A+/4 


g'A+/4 


ferm-uncon 




g3A+/4 


g'A+/4 


g'A+/4 


ferm-con 


-gA+/4 


-gA+/4 


-gA+/4 


-gA+/4 
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A Q'-Deformed quantum spaces 

The aim of this appendix is the following. For the quantum spaces under 
consideration we list the defining commutation relations. In addition to this, 
we write down the non-vanishing elements of their quantum metric and q- 
deformed epsilon tensor. 

The two-dimensional quantum plane is described in Sec. [2] in great detail. 
In the case of three-dimensional g-deformed Euclidean space the commuta- 
tion relations between its coordinates X^, A E {+, 3, — }, read 

X^X^ = q^^X^X^, (277) 

X-X+ = x+x- + xx^x\ 

The non-vanishing elements of the quantum metric are 

^7+- = -g, g'^ = l, g'+ = -q-\ (278) 

As usual, covariant coordinates are introduced by 

Xa = gABX"", (279) 

with qab being the inverse of g"^^. The non- vanishing components of the 
three-dimensional g-deformed epsilon tensor take the form 

e-'^ = -q-\ e'-^ = q-\ 
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= -q-\ e+^~ = 1, 

£333 ^ _^-2^ (280) 

Next we come to four-dimensional g-deformed Euclidean space. For its 
coordinates X*, i = 1, . . . , 4, we have the relations 

X^XJ = qX^X\ 

X^X^ = qX^X\ J = 1,2, 

X^X^ = X^X^, 

X^X^ = X^X^ + XX^X^. (281) 
The metric has the non- vanishing components 

9'' = q-\ 9'' = 9'' = h 9'' = q. (282) 

Its inverse denoted by gij can again be used to introduce covariant coordi- 
nates, i.e. 

X.,=g,jX^. (283) 

The non-vanishing components of the epsilon tensor of four- dimensional q- 
deformed Euclidean become (see also Refs. [38,56,57]) 



^1234 


= 1, 


^1432 




^2413 




£2134 


= 


^4132 




^4213 




^1324 


= -1, 


^3412 




^2341 


= -q' 


^3124 


= 9, 


^4312 


= -g^ 


^3241 


= q\ 


^2314 


= q\ 


^1243 


= 


^2431 


= q\ 


^3214 


= -<l\ 


^2143 


= 


^4231 




^1342 


= 


^1423 




£3421 




^3142 


= -q\ 


^4123 




^4321 





(284) 

together with the non-classical components 

^3232 ^ _^2323 ^ _^2^ (285) 

Now, we come to g-deformed Minkowski space [24,25,58]. Its coordinates 
are subjected to the relations 

Xl'X^^X^X^', /X e {0,+,-,3}, 
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X^X^ - q^^X^X^ = -qXX'^X^, 
X'X+ - X+X- ^ X{X^X^ - X^X^), (286) 

and its metric is given by 

jyOO = -1, ,y33 ^ ^ ^ ^287) 

As usual, the metric can be used to raise and lower indices. The non- 
vanishing components of the gr-deformed epsilon tensor read 



^+30- 


= 1, 




£+-03 _ 




-2 


£3-+0 


= g-^ 


^3+0- 


= -Q~ 


-2 


£-+03 ^ 






£-3+0 


= g-^ 


^+03- 


= -1, 




£0-+3 ^ 


q-\ 




£30-+ 


= 


^0+3- 


= 1, 




£-0+3 ^ 


-Q~ 


-2 


£03-+ 




^30+- 






£+3-0 ^ 


-1, 




£3-0+ 


= ?-^ 


^03+- 




-2 


£3+-0 ^ 






£-30+ 




^+0-3 






£+-30 _ 


r^ 




£0-3+ 




^0+-3 


= -(f 


-2 


£-+30 ^ 




-2 


£-03+ 





(288) 
and 

£0-0+ = g-3A, £-0+0 ^ _5-3;^^ (289) 

£0333 ^ _^-2;^^ £3330 ^ ^-2;^^ 

£3033 ^ ^^-2;^^ ^3030 ^ _^-2^^ 

£3303 ^ _^-2^^ £+0-0 ^ 

£0303 ^ ^-2^^ ^0+0- ^ ^-1;^ 

Lowering the indices of the epsilon tensor is achieved by the quantum metric: 

Snupa = rjnfi''ni^u'ripp''naa'£'^'''''''''' ■ (290) 
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